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ABSTRACT 

In this paper, we investigate several structural properties of 𝜎-near-rings under different 

algebraic conditions. We first examine the behaviour of 𝜎-near-rings under anti-homomorphic 

mappings and establish a corresponding structural property. For regular 𝜎-near-rings, we prove 

that they are reduced, and that every idempotent element belongs to the centre. We further 

establish an equivalence between the absence of non-zero nilpotent elements and the 

representation of a 𝜎-near-ring as a subdirect product of integral near-rings. Under the 

additional assumption that every 𝑁-subgroup is invariant, we obtain results concerning 𝑁-

subgroups, left ideals, and completely prime ideals. The results obtained contribute to the 

understanding of the behaviour of σ–type identities in near-ring theory and provide directions 

for further investigation. 

Keywords: 𝝈–Near Ring, Near-Ring, Commutativity, Ideals, Anti-homomorphism, Zero Symmetric Near-

Ring 

 

1. INTRODUCTION 

In recent years, several special 

identities      have    been    introduced     to   

understand the internal structure and 

commutativity     properties   of    near-rings. 

One   such   structure   is   the   σ–near  ring,  

 

introduced by V. Alies Anbukani and co-

authors. A near ring 𝑁 is said to be a σ–near 

ring if it satisfies 𝑥2𝑦 = 𝑥𝑦𝑥 for all 𝑥, 𝑦 ∈

𝑁. Motivated by these developments, the 

study of σ–near rings has attracted attention 
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in understanding how this identity interacts 

with other algebraic conditions. Various 

properties concerning commutativity, 

ideals, homomorphic images, and structural 

decompositions have been investigated in 

the literature. However, several aspects of 

σ–near rings remain open for further 

exploration, particularly when they are 

considered together with additional 

algebraic conditions such as reducedness, 

insertion of factors property (IFP), or 

special mappings like anti-

homomorphisms. 
 

Throughout this paper 𝑁 stands for 

a right near-ring (𝑁, +, . ) with at least two 

elements and ‘0’ denotes the identity 

element of the group (𝑁, +) and obviously 

0𝑛 = 0 for all 𝑛 ∈ 𝑁. 
 

 

2. Preliminaries 
 

Definition 2.1 

A right near ring is a non-empty set 𝑁 

together with two binary operations “+” 

and “⋅” such that  

(i) (𝑁, +) is a group (not necessarily 

abelian) 

(ii) (𝑁, ⋅ )  is a semigroup  

(iii) (𝑛1 + 𝑛2)𝑛3 = 𝑛1𝑛3 + 𝑛2𝑛3 for all 

𝑛1, 𝑛2, 𝑛3 ∈ 𝑁  
 

Definition 2.2 

A near-ring 𝑁 is said to be zero-symmetric 

if 𝑎0 = 0 for all 𝑎 ∈ 𝑁. 
 

 

Definition 2.3 

𝑁 is said to fulfill the Insertion of Factors 

Property (IFP) provided that for all 

𝑎, 𝑏, 𝑛 ∈ 𝑁, 𝑎𝑏 = 0 ⇒ 𝑎𝑛𝑏 = 0. 
 

 

Definition 2.4 

A near-ring 𝑁 is said to have (*, IFP) if 

𝑎𝑏 = 0 implies 𝑏𝑎 = 0 and satisfy IFP. 
 

 

Definition 2.5 

A near-ring 𝑁 is said to be reduced if it has 

no nonzero nilpotent elements. 
 

 

Notation 2.6 

a) 𝐸 denotes the set of all idempotent of 𝑁 

   (𝑒 in 𝑁 is called an idempotent if 𝑒2 = 𝑒)  

b) 𝐿 denotes the set of all nilpotent of 𝑁  

    (𝑎 in 𝑁 is nilpotent if 𝑎𝑘 = 0 for some     

positive integer 𝑘)  
 

Result 2.7 [1] 

A near ring 𝑁 has no non-zero nilpotent 

elements (i.e.) 𝐿 = {0} if and only if 𝑥2 =

0 ⟹ 𝑥 = 0 for every 𝑥 ∈ 𝑁.  
 

Result 2.8 [4] 

If  𝑁 has no non- zero nilpotent elements 

(i.e.) 𝐿 = {0} and = 𝑁0 , then for any 𝑎, 𝑏 

in 𝑁 , 𝑎𝑏𝑒 = 𝑎𝑒𝑏 where 𝑒 is idempotent in 

𝑁 and has (∗, 𝐼𝐹𝑃). 
 

Definition 2.9 

Let 𝑁, 𝑀 be near ring then we say, a 

mapping 𝜙: 𝑁 → 𝑀 is called anti-

homomorphism of near-ring if for all 𝑎, 𝑏 ∈

𝑁, 𝜙(𝑎 + 𝑏) = 𝜙(𝑏) +  𝜙(𝑎)   and 

𝜙(𝑎𝑏) = 𝜙(𝑏)𝜙(𝑎). 
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Definition 2.10 

The centre of a near-ring 𝑁 is 𝐶(𝑁) = {𝑥 ∈

𝑁 ∣ 𝑥𝑎 = 𝑎𝑥 for all 𝑎 ∈ 𝑁}. 
 

Definition 2.11 

A near ring 𝑁 is said to be S’ - near ring 

according as 𝑥 ∈ 𝑥𝑁 for all 𝑥 ∈ 𝑁. 
 

Definition 2.12 

A subgroup of (𝑀, +) of (𝑁, +)  is called a 

right 𝑵-subgroup of 𝑁 if 𝑁𝑀 ⊆ 𝑀. Simply 

it is called 𝑵-subgroup of 𝑁. 
 

Definition 2.13 

A subgroup 𝑀 of the additive group (𝑁, +) 

is called an invariant 𝑵-subgroup of 𝑁 if 

𝑁𝑀 ⊆ 𝑀 and 𝑀𝑁 ⊆ 𝑀. 
 

Definition 2.14 

An ideal 𝐼 of 𝑁 is said to be completely 

prime ideal if for all  𝑥, 𝑦 ∈ 𝑁 , 𝑥𝑦 ∈ 𝐼 ⟹

𝑥 ∈ 𝐼 or 𝑦 ∈ 𝐼. 
 

Result 2.15 [6] 

Let 𝑁 be an  𝜎-near ring with identity. Then 

𝑁 is commutative. 
 

Definition 2.16 

A non-empty subset 𝐼of 𝑁 is called an ideal 

of 𝑁 if: 

1. (𝐼, +) is a normal subgroup of 

(𝑁, +), 

2. 𝐼𝑁 ⊆ 𝐼 (right ideal) 

3. 𝑎(𝑏 + 𝑖) − 𝑎𝑏 ∈ 𝐼 for all 𝑎, 𝑏 ∈

𝑁 and 𝑖 ∈ 𝐼. (left ideal) 

Result 2.17 [1] 

Let 𝑁 be a zero symmetric. Then the 

following are equivalent: 

i) 𝑁 has no non zero nilpotent elements 

(i.e.) 𝐿 = {0} 

ii) 𝑁 is a subdirect product of integral near 

rings. 
 

Definition 2.18 

A near ring 𝑁 is said to be a right regular 

near-ring if for all 𝑥 ∈ 𝑁 there exist 𝑎 ∈ 𝑁 

such that 𝑎 = 𝑥2𝑎 = 𝑥𝑎𝑥. 
 

Definition 2.19 

A near-ring 𝑁 is said to have the property 

𝑷(𝒎, 𝒓) if 𝑥𝑟𝑁 = 𝑁𝑥𝑚 for all 𝑥 in 𝑁 where 

𝑟 and 𝑚 are positive integers. 
 

Definition 2.20 

Let 𝐼 be an ideal of 𝑁. A near ring 𝑁 is said 

to have Property 𝑷𝟒 if for every 𝑎, 𝑏 in 𝑁, 

𝑎𝑏 ∈ 𝐼 ⟹ 𝑏𝑎 ∈ 𝐼. 
 

Definition 2.21 

A near-ring 𝑁 is called a integral near-ring 

if 𝑁 has set no non-zero divisors.  
 

Definition 2.22 

The near rings 𝑁 is said to be Boolean if 

𝑥2 = 𝑥 for each 𝑥 ∈ 𝑁. 
 

Example 2.23 

We considered the near-ring (𝑁, +, . ) 

where (𝑁, +) is the Klein’s four group with 

𝑁 = {0, 𝑎, 𝑏, 𝑐} here ‘.’ is defined as below. 

Then 𝑁 is a 𝜎 near-ring. 

 

 

 

 

 

 

· 0 a b c 

0 0 0 0 0 

a 0 a 0 a 

b 0 0 0 b 

c 0 a 0 c 
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Lemma 2.24 [6] 

Every 𝜎 −near ring is zero symmetric. 
 

Definition 2.25 

A near ring 𝑁 is said to be commutative if 

for every 𝑥, 𝑦 in 𝑁, 𝑥𝑦 = 𝑦𝑥. 
 

 

3. MAIN RESULTS 
 

Theorem 3.1 
 

Let 𝑁 be a σ–near ring and 𝑓 is an anti-

homomorphic function of 𝑁 then it satisfies 

𝑦𝑥2 = 𝑥𝑦𝑥 for all 𝑥, 𝑦 ∈ 𝑀 

 

Proof 

Let 𝑁, 𝑀 represent two near rings. 

Let 𝑓: 𝑁 ⟶ 𝑀 be a surjective anti-

homomorphism 

Let 𝑎, 𝑏 ∈ 𝑁, since 𝑁 is a σ–near ring we 

get 𝑎2𝑏 = 𝑎𝑏𝑎 

Applying 𝑓 on both sides, 

𝑓(𝑎2𝑏) = 𝑓(𝑎𝑏𝑎) 

Since 𝑓 is anti-homomorphic,  

𝑓(𝑎2𝑏)    = 𝑓(𝑏)𝑓(𝑎2) = 𝑓(𝑏)𝑓(𝑎)2 

Again consider, 

𝑓(𝑎𝑏𝑎) = 𝑓(𝑎)𝑓(𝑎𝑏) = 𝑓(𝑎)𝑓(𝑏)𝑓(𝑎) 

By equating we get, 

𝑓(𝑏)2𝑓(𝑎) =  𝑓(𝑎)𝑓(𝑏)𝑓(𝑎) 

Then for 𝑥, 𝑦 ∈ 𝑀 we have 𝑥 = 𝑓(𝑎) and 

𝑦 = 𝑓(𝑏) 

Hence 𝑦𝑥2 = 𝑥𝑦𝑥 for all 𝑥, 𝑦 ∈ 𝑀. 
 

Theorem 3.2 

Let 𝑁 be a regular σ–near ring, then 

i) 𝑁 has no non zero nilpotent elements 

ii) 𝑁 has (∗, 𝐼𝐹𝑃) 

iii) Every idempotent element of 𝑁 is a 

centre. 
 

Proof 

Let 𝑁 be a regular σ–near ring 

Then for any 𝑥 ∈ 𝑁 there exists an element 

𝑦 ∈ 𝑁  

we have 𝑥 = 𝑥2𝑦 = 𝑥𝑦𝑥                    ⇢ (1) 

i) Let us assume 𝑥2 = 0 in equation (1) 

Then 𝑥 = 𝑥2𝑦 = (0)𝑦 = 0 

Hence 𝑁 is reduced, by result 2.7 

We conclude that there is no nonzero 

nilpotent element in 𝑁. 

ii) Since σ–near ring is always zero 

symmetric and from i) we have 𝐿 = {0},  

It directly follows from the result 2.8, 

Hence 𝑁 has (∗, 𝐼𝐹𝑃). 

iii) Let 𝑒 ∈ 𝐸 

By equation (1), we get 𝑒 = 𝑒2𝑦 = 𝑒𝑦𝑒           

⟹ 𝑒𝑦 = 𝑒𝑦𝑒 

Clearly 𝑦𝑒(𝑦𝑒 − 𝑒𝑦𝑒) = 0 and 𝑒𝑦𝑒(𝑦𝑒 −

𝑒𝑦𝑒) = 0 

Consider  

(𝑦𝑒 − 𝑒𝑦𝑒)2 = (𝑦𝑒 − 𝑒𝑦𝑒)(𝑦𝑒 − 𝑒𝑦𝑒) 

 = 𝑦𝑒(𝑦𝑒 − 𝑒𝑦𝑒) − 𝑒𝑦𝑒(𝑦𝑒 − 𝑒𝑦𝑒) = 0 

Since 𝑁 is reduced, (𝑦𝑒 − 𝑒𝑦𝑒) = 0 

Hence 𝑦𝑒 = 𝑒𝑦𝑒 = 𝑒𝑦 

Therefore, every idempotent element is a 

centre in 𝑁. 

Remark 3.3 

Whenever 𝑁 is a regular σ–near ring it is 

clear that 𝑁 is right regular. Since for all 𝑥 ∈

𝑁 there exist 𝑦 ∈ 𝑁 such that 𝑥 = 𝑥2𝑦 =

𝑥𝑦𝑥. 
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Theorem 3.4 

Let 𝑁 be a σ–near ring. Then the following 

are equivalent: 

i) 𝑁 has no non zero nilpotent elements 

(i.e.) 𝐿 = {0} 

ii) 𝑁 is a subdirect product of integral near 

rings. 
 

Proof 

Since every σ–near ring is zero symmetric. 

By Result 2.17, 

We get if 𝑁 is zero symmetric. Then the 

following are equivalent: 

i) 𝑁 has no non zero nilpotent elements 

(i.e.) 𝐿 = {0} 

ii) 𝑁 is a subdirect product of integral near 

rings. 

Hence the equivalence holds for σ–near 

ring. 
 

Theorem 3.5  

Let 𝑁 be a regular σ–near ring and if every 

𝑁-subgroup is invariant then 

i) 𝐴 = √𝐴  where 𝐴  is 𝑁-subgroup of 𝑁 

ii) Every left ideal 𝑁 is an ideal 

iii) Every ideal of 𝑁 is completely prime 

Proof 

Let 𝑁 be a regular σ–near ring, then by 

remark 3.3 𝑁 is right regular. 

Then for any 𝑥 ∈ 𝑁 there exists an element 

𝑦 ∈ 𝑁  

we have 𝑥 = 𝑥2𝑦 = 𝑥𝑦𝑥                    ⇢ (1) 

i) Let 𝐴 be an 𝑁-subgroup of 𝑁 and 𝑎 ∈

√𝐴 , where √𝐴 = {𝑥 ∈ 𝑁 | 𝑥𝑘 ∈ 𝐴} for 

some positive integer 𝑘. 

For all 𝑥 ∈ 𝑁 

By equation (1), 𝑎 = 𝑎𝑥𝑎 = 𝑎2𝑥 

𝑎 = 𝑎(𝑎2𝑥)𝑥 

    = 𝑎3𝑥2 

    = 𝑎2(𝑎2𝑥)𝑥2 

    = 𝑎4𝑥3. . . = 𝑎𝑘𝑥𝑘−1 

Since every 𝑁-subgroup is invariant, 

𝑎 = 𝑎𝑘𝑥𝑘−1 ∈ 𝐴𝑁 ⊆ 𝐴. 

ii) Let 𝐴 be a left ideal of 𝑁 

Since 𝑁 is zero symmetric, 𝑁𝐴 ⊆ 𝐴 

Also give that every 𝑁-subgroup is 

invariant. 

Hence 𝐴 become an ideal of 𝑁. 

iii) Let 𝐼 be an ideal of 𝑁 and 𝑎2 ∈ 𝐼 

Then by equation (1),  

𝑎 = 𝑎𝑥𝑎 = 𝑎2𝑥 ∈ 𝐼𝑁 ⊆ 𝐼 

Hence 𝑎 ∈ 𝐼 

Therefore, every ideal of 𝑁 is completely 

prime. 
 

Theorem 3.6 

Let 𝑁  be a σ–near ring with identity then 𝑁 

satisfy property 𝑃4. 

Proof 

Since 𝑁 is a σ–near ring with identity, then 

By result 2.15, 𝑁 is always commutative. 

Let 𝐼 be an ideal of 𝑁  

Assume 𝑎𝑏 ∈ 𝐼, since commutative it is 

clear that 𝑏𝑎 ∈ 𝐼 

Hence 𝑁 satisfies property 𝑃4. 

Theorem 3.7 

Let 𝑁 be a σ–near ring then 𝑁 is a 𝑃(2,1) 

near ring. 
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Proof 

Let 𝑥 ∈ 𝑁, then 𝑎2𝑥 ∈ 𝑎2𝑁 

Since 𝑎2𝑥 = 𝑎𝑥𝑎 

For 𝑎 ∈ 𝑁, (𝑎𝑥)𝑎 ∈ 𝑁𝑎 

Hence 𝑎2𝑁 ⊆ 𝑁𝑎 

Similarly,  

we trace back the steps for 𝑁𝑎 ⊆ 𝑎2𝑁 

Therefore 𝑎2𝑁 = 𝑁𝑎, hence 𝑁 is a 𝑃(2,1) 

near ring. 
 

Theorem 3.8 

Let 𝑁 be a σ–near ring that has left 

cancellation then 𝑁 is commutative. 

Proof 

Since 𝑁 is a σ–near ring,  

For all 𝑎, 𝑥 ∈ 𝑁 we have 𝑎2𝑥 = 𝑎𝑥𝑎 

⟹ 𝑎𝑎𝑥 = 𝑎𝑥𝑎 

Using left cancellation, 𝑎𝑥 = 𝑥𝑎 

Hence 𝑁 is commutative. 
 

Theorem 3.9 

Let 𝑁 be a Boolean σ–near ring that has left 

cancellation then 𝑁 is 𝑆′-near ring. 

Proof 

Since 𝑁 is a σ–near ring,  

For all 𝑎, 𝑥 ∈ 𝑁 we have 𝑎2𝑥 = 𝑎𝑥𝑎 

We have 𝑁 is Boolean, so 𝑎𝑥 = 𝑎𝑥𝑎 

Using left cancellation, 𝑥 = 𝑥𝑎 

Since 𝑎 ∈ 𝑁, 𝑥 ∈ 𝑥𝑁 

Hence 𝑁 is 𝑆′-near ring. 
 

 

 

 

CONCLUSION 

In this paper, we have investigated 

several structural properties of 𝜎-near-rings 

under different algebraic conditions. The 

results demonstrate that additional 

conditions imposed on a 𝜎-near-ring can 

lead to significant structural consequences. 

These observations provide a basis for 

further investigation of 𝜎-near-rings and 

their relationships with other important 

classes of near-rings. 
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