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ABSTRACT

In this paper, we investigate several structural properties of g-near-rings under different
algebraic conditions. We first examine the behaviour of o-near-rings under anti-homomorphic
mappings and establish a corresponding structural property. For regular o-near-rings, we prove
that they are reduced, and that every idempotent element belongs to the centre. We further
establish an equivalence between the absence of non-zero nilpotent elements and the
representation of a o-near-ring as a subdirect product of integral near-rings. Under the
additional assumption that every N-subgroup is invariant, we obtain results concerning N-
subgroups, left ideals, and completely prime ideals. The results obtained contribute to the
understanding of the behaviour of o—type identities in near-ring theory and provide directions

for further investigation.

Keywords: 6—Near Ring, Near-Ring, Commutativity, Ideals, Anti-homomorphism, Zero Symmetric Near-
Ring

1. INTRODUCTION

In recent years, several special introduced by V. Alies Anbukani and co-
identities  have been introduced to authors. A near ring N is said to be a c—near
understand the internal structure and ring if it satisfies x%y = xyx for all x,y €
commutativity —properties of near-rings. N. Motivated by these developments, the
One such structure is the o-near ring, study of o—near rings has attracted attention
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in understanding how this identity interacts
with other algebraic conditions. Various
properties  concerning — commutativity,
ideals, homomorphic images, and structural

decompositions have been investigated in

the literature. However, several aspects of

o-near rings remain open for further
exploration, particularly when they are
considered together with additional
algebraic conditions such as reducedness,
insertion of factors property (IFP), or
like anti-

special mappings

homomorphisms.

Throughout this paper N stands for
a right near-ring (N, +,.) with at least two
elements and ‘0’ denotes the identity
element of the group (N, +) and obviously
On =0 foralln € N.

2. Preliminaries

Definition 2.1

A right near ring is a non-empty set N
together with two binary operations “+”
and “-” such that

(1) (N,+) is a group (not necessarily
abelian)

(i) (N, -) is a semigroup

(i) (nq +ny)ng =nyng + nynzfor all
ny, Ny, n3 €N

Definition 2.2

A near-ring N is said to be zero-symmetric

ifa0 =0 foralla € N.
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Definition 2.3

N is said to fulfill the Insertion of Factors
Property (IFP) provided that for all

a,b,n € N,ab=0= anb = 0.

Definition 2.4
A near-ring N is said to have (*, IFP) if
ab = 0 implies ba = 0 and satisfy IFP.

Definition 2.5
A near-ring N is said to be reduced if it has

no nonzero nilpotent elements.

Notation 2.6
a) E denotes the set of all idempotent of N
(e in N is called an idempotent if e? = e)
b) L denotes the set of all nilpotent of N
(a in N is nilpotent if a® = 0 for some
positive integer k)
Result 2.7 [1]
A near ring N has no non-zero nilpotent
elements (i.e.) L = {0} if and only if x? =
0 = x =0foreveryx € N.
Result 2.8 [4]
If N has no non- zero nilpotent elements
(i.e)) L ={0}and = N, , then for any a,b
in N , abe = aeb where e is idempotent in
N and has (*, I[FP).
Definition 2.9

Let N,M be near ring then we say, a

mapping ¢:N - Mis called anti-
homomaorphism of near-ring if forall a, b €
N, ¢la+b) =¢b)+ ¢p(a) and

¢(ab) = p(b)p(a).
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Definition 2.10
The centre ofanear-ring NisC(N) = {x €
N | xa = ax for all a € N}.
Definition 2.11
A near ring N is said to be §”’ - near ring
according as x € xN for all x € N.
Definition 2.12
A subgroup of (M, +) of (N, +) iscalled a
right N-subgroup of N if NM < M. Simply
it is called N-subgroup of N.
Definition 2.13
A subgroup M of the additive group (N, +)
is called an invariant N-subgroup of N if
NM € M and MN € M.
Definition 2.14
An ideal I of N is said to be completely
prime ideal if forall x,y e N ,xy el =
x€e€loryel.
Result 2.15 [6]
Let N be an o-near ring with identity. Then
N is commutative.
Definition 2.16
A non-empty subset Iof N is called an ideal
of N if:

1. (I,+)is a normal subgroup of

(N, +),
2. IN < I (right ideal)
3. alb+i)—abelfor all
N and i € I. (left ideal)

Result 2.17 [1]

Let N be a zero symmetric. Then the

ab €

following are equivalent:
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1) N has no non zero nilpotent elements
(i.e) L = {0}

i) N is a subdirect product of integral near
rings.

Definition 2.18

A near ring N is said to be a right regular
near-ring if for all x € N there exista € N
such that a = x%a = xax.

Definition 2.19

A near-ring N is said to have the property
P(m,r) ifx"N = Nx™ for all x in N where
r and m are positive integers.

Definition 2.20

Let I be an ideal of N. A near ring N is said
to have Property P, if for every a,b in N,
ab €l = ba€el.

Definition 2.21

A near-ring N is called a integral near-ring
if N has set no non-zero divisors.
Definition 2.22

The near rings N is said to be Boolean if
x? =xforeachx € N.

Example 2.23

We considered the near-ring (N,+,.)
where (N, +) is the Klein’s four group with
N ={0,a,b, c} here .’ is defined as below.

Then N is a o near-ring.

0 abec
0|0 00O
a |0 a 0 a
b |0 0 0D
c |0 a 0c
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Lemma 2.24 [6]

Every o —near ring is zero symmetric.
Definition 2.25

A near ring N is said to be commutative if

for every x,y in N, xy = yx.

3. MAIN RESULTS
Theorem 3.1

Let N be a o—near ring and f is an anti-
homomorphic function of N then it satisfies

yx? = xyx forall x,y € M

Proof
Let N, M represent two near rings.
Let f:N—M be a surjective anti-
homomorphism
Let a,b € N, since N is a c—near ring we
get a’bh = aba
Applying f on both sides,
f(a®b) = f(aba)
Since f is anti-homomorphic,
f@@*p) =f)f(@®) = f(b)f(a)®
Again consider,
f(aba) = f(a)f(ab) = f(a)f(D)f (a)
By equating we get,
fb)*f(a) = f(@f(b)f(a)
Then for x,y € M we have x = f(a) and
y=f()

Hence yx? = xyx forall x,y € M.

Theorem 3.2
Let N be a regular —near ring, then
1) N has no non zero nilpotent elements

ii) N has (+, [FP)
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iii) Every idempotent element of N is a
centre.

Proof

Let N be a regular c—near ring

Then for any x € N there exists an element
y€EN

> (1)
i) Let us assume x2 = 0 in equation (1)

Then x = x%y = (0)y =0

we have x = x%y = xyx

Hence N is reduced, by result 2.7
We conclude that there is no nonzero
nilpotent element in N.
11) Since o—near ring is always zero
symmetric and from i) we have L = {0},
It directly follows from the result 2.8,
Hence N has (*,[FP).
iii) Lete € E
By equation (1), we get e = e?y = eye
= ey = eye
Clearly ye(ye — eye) = 0 and eye(ye —
eye) =0
Consider
(ve —eye)? = (ye — eye)(ye — eye)
= ye(ye —eye) —eye(ye —eye) =0
Since N is reduced, (ye — eye) = 0
Hence ye = eye = ey
Therefore, every idempotent element is a
centre in N.
Remark 3.3
Whenever N is a regular c—near ring it is
clear that N is right regular. Since for all x €
N there exist y € N such that x = x%y =

XyX.
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Theorem 3.4

Let N be a o—near ring. Then the following
are equivalent:

i) N has no non zero nilpotent elements
(ie) L ={0}

i) N is a subdirect product of integral near
rings.

Proof

Since every 6—near ring is zero symmetric.
By Result 2.17,

We get if N is zero symmetric. Then the
following are equivalent:

1) N has no non zero nilpotent elements
(ie) L ={0}

i1) N is a subdirect product of integral near
rings.

Hence the equivalence holds for oc—near
ring.

Theorem 3.5

Let N be a regular o—near ring and if every
N-subgroup is invariant then

i) A = +A where A is N-subgroup of N

i1) Every left ideal N is an ideal

ii1) Every ideal of N is completely prime
Proof

Let N be a regular o—near ring, then by
remark 3.3 N is right regular.

Then for any x € N there exists an element
yEN

we have x = x%y = xyx = (1)
i) Let A be an N-subgroup of N and a €
VA, where VA={x € N|xke€ A} for

some positive integer k.
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Forallx € N
By equation (1), a = axa = a’x

a = a(a’x)x

— 43x2
= a?(a’x)x?
= a*x3...= akxk1

Since every N-subgroup is invariant,

a =akx*"1 € AN c A.

i1) Let A be a left ideal of N

Since N is zero symmetric, NA € A

Also give that every N-subgroup is
invariant.

Hence A become an ideal of N.

iii) Let I be an ideal of N and a? € [

Then by equation (1),
a=axa=a’x€INC]

Hence a € |

Therefore, every ideal of N is completely
prime.

Theorem 3.6

Let N be a 6—near ring with identity then N
satisfy property P,.

Proof

Since N is a c—near ring with identity, then
By result 2.15, N is always commutative.
Let I be an ideal of N

Assume ab € I, since commutative it is
clear that ba € I

Hence N satisfies property P,.

Theorem 3.7

Let N be a o—near ring then N is a P(2,1)

near ring.
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Proof

Let x € N, then a?x € a®?N

Since a’x = axa

Fora € N, (ax)a € Na

Hence a?N € Na

Similarly,

we trace back the steps for Na € a?N
Therefore a?N = Na, hence N is a P(2,1)
near ring.

Theorem 3.8

Let N be a o—near ring that has left
cancellation then N is commutative.

Proof

Since N is a 6—near ring,

For all a,x € N we have a’x = axa

= aax = axa

Using left cancellation, ax = xa

Hence N is commutative.

Theorem 3.9

Let N be a Boolean c—near ring that has left
cancellation then N is S'-near ring.

Proof

Since N is a 6—near ring,

For all a,x € N we have a’x = axa

We have N is Boolean, so ax = axa
Using left cancellation, x = xa

Since a € N, x € xN

Hence N is S'-near ring.

CONCLUSION

In this paper, we have investigated
several structural properties of o-near-rings
under different algebraic conditions. The
that  additional

results  demonstrate
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conditions imposed on a o-near-ring can
lead to significant structural consequences.
These observations provide a basis for
further investigation of o-near-rings and
their relationships with other important

classes of near-rings.
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