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ABSTRACT

Let G = (V, E) be a graph with p points and q nodes. Let S be a y,.- set of G. Let ve S. A
closed support strong efficient domination number of v under addition is defined by
Yueny) deg(w) and it is denoted by supp ys. [v]. A closed support strong efficient domination
number of G under addition is defined by Y,,cs Supp ys. *[v]and it is denoted by supp y,."[G]. A
closed support strong efficient domination number of v under multiplication is defined
by [Tuenpdeg(u) and it is denoted by supp ys.*[v]. A closed support strong efficient
domination number of G under multiplication is defined by [[,es Supp yse *[v]and it is denoted
by supp Vs *[G]. In this paper, closed support strong efficient domination number of some

standard graphs is studied.
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INTRODUCTION

Throughout this paper only finite, nodes incident with v and is denoted by deg
undirected graphs without loops or multiple (v). A subset S of V(G) is called a
nodes are considered. Let G = (V, E) be a dominating set of G if every point in V(G) —
graph with p points and q nodes. The degree S is adjacent to a point in S (see [6]). The
of any point v of a graph G is the number of domination number of a graph G, denoted
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by y(G), is the minimum cardinality of a
dominating set of G. Sampathkumar et.al.
introduced the concept of strong (weak)
domination in graphs (see [11]). A subset S
of V(G) is called a strong dominating set of
G if for every v € V(G) — S there exists a
point u € S such that u and v are adjacent
and deg(u) = deg(v). A subset S of V(G) is
called an efficient dominating set if for
every v € V(G),|N[v] n S| = 1 (see [3, 5]).
The concept of strong (weak) efficient
domination in graphs was introduced by
Meena et.al. (see[10]) and further studied
in(see [7, 8, 9]). A subset S of V(G) is called
a strong (weak) efficient dominating set of G
if for every point v € V(G), we have
INs[v]NS| =1 (|Ny[v]nS|=1), where
N,(v) = {u eV(G);uv € E(G),deg(u) =
deg(v)} and Ns[v] = Ns(v) U {v}(N,,(v) =
{fu e V(G);uv € E(G),deg(u) < deg(v)}

and Ny, [v] = N,,(v) U {v}). The minimum
cardinality of a strong (weak) efficient
dominating set of G is called the strong
(weak) efficient domination number of G
and is denoted by Y. (G) (Ve (G)). A graph
G is strong efficient if there exists a strong
efficient dominating set of G. Balamurugan
et.al introduced the concept of closed
support of a graph under addition (see [1])
and multiplication (see [2]). A closed

support of a point v under addition is
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defined by Y enpv)deg(u) and it is denoted

by supp[v]. A closed support of a graph G

under addition is defined by

Yvev() supp[v] and it is denoted by
supp[G]. A closed support of a point v
defined

denoted by

under multiplication is

by Iuenpy) deg(u) and is
mult[v]. A closed support of a graph G
defined by

under multiplication  is

[Tuev(gy mult[v] and it is denoted by
mult[G]. Inspired by the above definitions,
the concept of a closed support strong
efficient domination number of a graph
under addition and multiplication are
introduced in this paper. For all Graph
theoretic terminologies and notations,
Harary (see [4]) is followed. Following
previous results are necessary for the present

study.

Previous results [9]

1. For any path P, ,

nifm = 3n,n €N
Yse (Bp)in+1ifm = 3n+1,n€EN
n+2ifm = 3n+2,neN

2. For any cycle Csy, Yse (C3,) =10, N E
N

3. ¥se(Kin)=1,n€N

4, v (Kp)=1,nEN

5. yse(Dm,n)Zerl, m<n m,n€N
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MAIN RESULTS

Definition 2.1: Let G = (V, E) be a strong
efficient graph. Let S be a y,,.- set of G. Let
v € S. A closed support strong efficient
domination number of v under addition is
defined by Yy enpy) deg(u) and it is denoted
by suppyse* [v].

Example 2.2: Consider the following graph
G.

Vi \ )

V2 Vi V4 \'A]

Fig 1
S = {v,, v5} is the unique y,, - set of G.
Supp  ¥se' (V1] = Zuenp, deg(w) =
deg(v;) + deg(vy) + deg(vs) + deg(v,)+
deg(vg)=13.
Suppp  Vse' [Vs] = Zuenpws degu ) =
deg(vs)+ deg(ve) = 4
Definition 2.3: Let G = (V,E) be a strong
efficient graph. Let S be a y,,- set of G. Let
v € S. A closed support strong efficient
under

domination number of v

multiplication is defined by[[yenpy) deg(w)
and it is denoted by suppys. ™ [v].
Example 2.4: In Fig. 1, suppVys.*[v1] =

HueN[vl] deg(w) =
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deg (vy) X deg (v,)x deg wv3)X
deg(v,) Xdeg(ve)= 96

Supp Yse (V5] = HueN[v5] deg(u) =
deg(vs) X deg(ve) =3

Definition 2.5: Let G be a strong efficient
graph. Let S be a y,.- set of G. A closed
support strong efficient domination number
of G wunder addition is defined by
Yves SUpP ¥se F[v] and it is denoted by
suppyse ' [G]

Example 2.6: In Fig. 1, suppy,.T[G] =
suppyse * [v1] + suppyse " [vs] = 17
Definition 2.7: Let G be a strong efficient
graph. Let S be a y,.- set of G. A closed
support strong efficient domination number
of G under multiplication is defined by
[Tves supp vse*[v] and it is denoted by
suppyse™ [G].

Example 2.8: In Fig. 1, supp y.~[G] =
SUppYse™ [v1] Xsuppyse*[vs] = 288.

Note 2.9: Closed support strong efficient
domination number under addition of a
graph G is not unique.

Example 2.10: Consider the following
graph G

Vi V2

Fig 2

\( Vs V4 V3
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S1=1{v1,v3} and S, = {v,, Ve } are two Vs, -
sets of G and y, (G) = 2. For S, ,
supp  ¥se' [v1] Yuenp, degn) =
deg(vy) + deg(vy) + deg(v,) + deg(vs)+
deg(ve)=13.

Supp  ¥se' [vs] Yuenivy) deg(u)
deg(vs) +deg(v,) + deg(vy) =9

Supp  ¥se" [G] Yves, SUPP ¥se ' [V] =
SuppYse ' [v1] + suppyse™ [vs] =22

For S;, supp ¥se" [Va] = Zuenpv, deg(w)
=deg(v,) + deg(vy) + deg(v,) + deg(vs)+
deg(vg)=15

Supp  ¥se" [V Yueniv) deg(u)
deg(ve) +deg(v1)=>5

supp  Vse" [G] Lves, supp ¥se " [v] =
SUPPYse* [Va] + suppyse™ [vs] = 20.

Hence min supp ys.t[G] = 20 and max
SuppYse[G] =23.

Note 2.11: Closed support strong efficient
domination number under multiplication of a
graph G is not unique.

Example 2.12: Consider Fig.2,
S1=1{v1,v3} and S, = {v,, vg}are two Y, -
sets of G and . (G) =2

For S1, suppyse*[v1i] =Ilueniy,)deg(w)=
deg(v,) X deg(v,) X deg(v,) X deg(vs) X
deg(vg) =72

supp ¥se [vs] = lluewpw, deg(w) =
deg(v3) X deg(v,) X deg(v,) =24
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supp¥se™[G] =Ilves, Supp ¥se*[v] = supp
Vs [V1] Xsupp yse *[v3] =1728.

For S, , supp ¥se*[va] = HueN[m,] deg(u)
=deg(v,) X deg(vy) X deg(v,) X deg(vz) X
deg(vs)=192

supp ¥se Vel = Iluenpedeg(w) =
deg(ve) xdeg(v,) =4

supp ¥se [G] = Ilves, supp ¥se™[v] =
SUPPYse” [Va] Xsuppyse ™ [ve] = 768.

Here min supp y,.*[G] = 768 and max
suppyse[G] = 1728.

Remark 2.13: Let G be a connected strong
efficient graph with ay,.- set S. Since S C
V(G),  supp ¥s"[G] < supplG]
suppyse [G] < mult[G]

Theorem 2.14: Let G=P3, n € N. Then

and

i suppyse T[G] = 6n — 2 and
ii. suppyse™[G] =2(8""1)
Proof: Let G = P3, n €N. Let V(G)

= {vi; 1 <i<3n} Then S
={V,, Vs, Vg, ..., V3n—4,V3n—1} 1S the unique
Yse- set of G. deg(v;) = deg(vs,) = 1 and
deg(v;)=2,2<i<3n-1.

i. supp ¥se'[v2] =deg (v;) + deg (v1) +

deg(v3) =5

For i = 5, 8,...,3n — 4, supp Vst [vi] =
deg(v;) +deg(v;—1) + deg(vi41) =6

SUPP  Vse [Van—1] deg (v3zp-1)
deg(vzp—2) + deg(vsy) =5
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Supp ¥se*[v2] +
?z_lz supp YSe+[v3i+2] + Supp YSe+[v3n—1]

=5+ (n-2)6+5=06n-2.

Hence supp v, [G] =

. supp  Vse“[v2a] = deg (vp) X
deg(v,) X deg(v3) =4
For i = 58,...,3n — 4, supp y.*[vi] =

deg(v;) X deg(v;-1) X deg(vi4q) =8

X

Supp  ¥se [Van-1l deg  (V3p-1)

deg(Vsn-2) X deg(vsy) =4.

Hence supp ys*[G] = supp yse™[v2] X
1oL Supp Vse* [Vaiva] X SUPD Voo™ [Van-1]

=4 x 8" x 4=2(8"" 1),

Theorem 2.15: Let G = P3,,q,n €EN.

Then

i suppyse [G] = 6n + 2 and

ii.  suppys.™[G] =8"

Proof: Let G = P;,,,4,n €EN. Let V(G)
={v; 1<i<3n+1}.

Sy ={ V1,V3,Vg, ..., V3p_3, V3 ;| and S, =
{V2,Vs, Vg ..., V3n_1, V3n41 sare two distinct
Yse- sets of G.deg(v,) = deg(v3,41) = 1 and
deg(v;)=2,2 <1< 3n.

Consider S;. (Proof is similar for S,)

i, SUpp ¥se " [v1] = deg(vy) + deg(v,)
=3

For i = 3,6,....3n — 3, supp ys.t[vi] =
deg(v;) +deg(v;—1) + deg(vi+1) =6
Suppyse” [v3n] = deg(vsn) + deg(vsn-1) +
deg(Vzn41) =5
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Supp Vsetlv1] +
ol supp YseT[vai]l + suppyset[Van] = 3
+(n—-1)6+5=6n+2.

Hence supp v.."[G] =

L. suppY¥se™[vi] = deg(vy) X deg(vy)
=2

For i = 3,6,...,.3n — 3,supp v [vi] =
deg(v;) Xdeg(vi_1) X deg(v41) =38

deg (v3n) X

SUpp  ¥se [Vanl

deg(vsn-1) X deg(vzn4q1) =4

supp Yse [G] = supp yse*[vi]l X
151 supp Vs ¥ [vi] X supp ¥se™[vsn] =

2x 8" 1 x 4=8",

Hence supp yst[G] = 6n + 2 and

suppyse [G] = 8™.

Theorem 2.16: Let G = P3,,,,n €N.

Then

i.  suppys.t[G]=6(n+1)and

ii.  suppyse [G] =4(8")

Proof: Let G = P3,,,,n €N. Let V(G)

= {v; 1<i<3n+2} Then S

={Vq,V3,Vg, ., V3n, Vans2 ; 18 the unique

Yse- set of G. deg(v;) = deg(v3,42) = 1 and

deg(v;)=2,2<i1<3n+1.

i, suppyse " [v1] = deg(vy) + deg(v,) =

3. For i = 3, 6,..., 3n, suppys.t[vi] =

deg(v;) + deg(v;_1) + deg(vi41) =6

Supp  ¥se* [Vans2] deg (Van+2) +

deg(Van+1) =3

Hence supp yse"[G] = supp yse"[v1] +
i=1SUpp Yse  [Vai] + SUPPYse™ [Vans2] =3

+6n+3=6(n+1).
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. suppyse*[vi] = deg(vy) X deg(vy)

= 2. For i = 3,6,...,3n, supp ys.*[vi] =

deg(v;) Xdeg(vi_1) X deg(v;41) =8.

Supp  ¥se [Vanszl deg  (V3n4+2) X

deg(Vzn+1) =2

Hence supp Vs [G] = supp ¥se*[v1] X
i=1 SUPP ¥se* [V3i] X supp vse*[Vans2] =

2x 8™ x 2 = 4(8").Hence suppys."[G]

6n + 2 and suppy,.*[G] = 4(8™).

Theorem 2.17: Let G= C3,,n € N. Then

i suppyset[G] = 6n and
ii.  suppys'[G]=8"
Proof: Let G = (C3,,n €EN. Let V(G)

= {v;1<i<3n}. Then S§; =
{ V1, V4, V7, e, Van—2}, S2 =
{ Vy, Vs, Vg, -.., U3n_1} and Sz =

{v3,V6, V9, ..., V3,} are three distinct y;, -
sets of G. deg(v;) =2, 1 <i < 3n.Consider
S1={v1,V4,V7, ..., V3n_2}. (Proof is similar
forS, and S53)
1. For 1 = 1, 4, 7,..3n - 2,

supp ¥set[vi] = deg (v;) + deg (v;—1) +

deg(v;+1) =6

Hence supp Yse T [G] =
?:1 supp )/se+[v3i—2] =6n

ii. For 1 = 1, 4, 7,.3n - 2,

supp ¥se [vi] = deg (v;) X deg (vj_1) X
deg(viy1) =8

Hence

supp Yse [G]

{1 SUpp Vse *[V3i—2] = 8™
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Hence suppys.T[G] = 6n and suppy,.”[C]
=8".
Theorem 2.18: Let G=K; ,,n € N. Then
i suppyset[G] = 2n and
ii. suppyse™[G] =n
Proof: Let G = K;,,n € N. Let V(G)
={v,v;; 1<i<n} where v is the central
point. Then S = {v}is the unique y,,- set of
G.deg(v) =nanddeg(v;))=1,1<i<n
i supp VeTlvl = deg (v) +
* deg[v;] =n+n(l)=2n
Hence supp s " [G] = supp ¥se " [v] = 2n
ii. supp  Yee'[v] = deg v X
* o deg(v))=nx1"=n

Hence suppyse™[G] = suppyse™[v] =n
Theorem 2.19: Let G=K,,, n € N. Then
i suppyset[G] =n(n — 1)and
. suppys*[G] = (n— 1"
Proof: Let G=K,,n € N.Letv;; 1I<i<n
be the points of G. Then S; = {v;}, IS i <
n are n distinct Y- setsof G. deg(v;) =n —
I,1<i<n.
Consider the set S; (Proof is similar for the
other sets)
i. supp¥se' [vi] = Zit1 deg(vy) = n(n
— 1). Hence supp ¥s. " [G] = supp s " [v; =
nn-1)

i=1 deg(v;)
Supp ¥se*[G] =

i supp yse™[vi
= (n—1)" . Hence

suppyse [vi] = (n — 1)
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Hence supp ys*[G] =n (n — lDand Supp  ¥eo [G] = supp Yo [u] X
Suppyse™[G] = (n—1)" j=isuppyse [yl = (m+ D(n +
Remark 2.20: Let G be a nontrivial D+ D"=m+Dn+ 1!
connected strong efficient graph on n > 2 REFERENCE
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