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ABSTRACT

Let G = (V, E) be a simple graph with p vertices and q edges. Let S be a y,,- set of G. Let
v € S.A closed support strong efficient domination number of v under addition is defined by
Yuenpy)degu and it is denoted by supp ysi[v]. A closed support strong efficient domination
number of G under addition is defined by Y,.s supp ys-[v] and it is denoted by supp y.-[G]. A
closed support strong efficient domination number of v under multiplication is defined by
[Tuenpdegu and it is denoted by supp yse[v]. A closed support strong efficient domination
number of G under multiplication is defined by [],.s supp vec[v] and it is denoted by supp
Yes[G]. In this paper, Nordhaus-Gaddum type relations on closed support strong efficient

domination number of some star related graphs under addition and multiplication is studied.

Key words: Closed support of a graph under addition, Closed support of a graph under multiplication,
Nordhaus-Gaddum type relations, Strong efficient dominating sets, Strong efficient domination number.
INTRODUCTION

In this paper, only finite, undirected (V, E) be a graph with p vertices and g edges.

and simple graphs are considered. Let G = The degree of any vertex u in G is the
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number of edges incident with u and is
denoted by deg u. A vertex of degree 0 in G
is called an isolated vertex. The complement
G of a graph G has V(G) as its vertex set and
two vertices are adjacent in G if and only if

they are not adjacent in G.

A subset S of V(G) of a graph G is
called a dominating set of G if every vertex
in V(G)\S is adjacent to a vertex in S
(Hayness et al.,1998). The concept of strong
(weak) efficient domination in graphs was
introduced by Meena et.al.,, (2013) and
further studied by Murugan and Meena
(2016) and Murugan (2019). Nordhaus —
Gaddum type relations on strong efficient
dominating sets are studied in (Murugan and
Meena and Murugan, 2019). A subset S of
V(G) is called a strong (weak) efficient
dominating set of G if for every point v €
V(G), we have |[Nj[v]nS|=1(|Ny[v]Nn
S| = 1), where N,(v) ={u€eV(G);uv e
E(G),deguu = degv} and N,[v]
N,(v)u {v} N, ()= {ueV(G);uve
E(G),degu < degv} and N, [v]

N,, (v) U {v}). The minimum cardinality of
a strong (weak) efficient dominating set is
called strong (weak) efficient domination
number and is denoted by yse(G)(ywe(G)). A
graph G is strong efficient if there exists a

strong efficient dominating set of G.

Balamurugan et.al (2019) introduced the
concept of closed support of a graph
under addition and closed support of a
graph under multiplication. Let G = (V, E)
be a graph. A closed support of a point v
under addition is defined by
Yuenjv)deguand it is denoted by supp[v].
A closed support of a graph, G under
addition is defined by Xyev(g) supp[v] and
it is denoted by supp[G]. A closed
support of a point, v under multiplication
is defined by [[,cnpdegu and it is
denoted by mult[v]. An open support of
a graph, G under multiplication is defined
by [lyev(gymult[v] and it is denoted by
mult[G].

Meena and Murugan (2022) introduced
the concept  of  closed support

strong  efficient  domination  number
of a graph under addition and multiplication.
Gaddum

support

In this paper, Nordhaus-
type relations on  closed
strong efficient domination number of
some star related graphs under addition

and multiplication is studied.

For all graph theoretic terminologies and
notations, Harary (1969) is followed.
The following definitions and results

are necessary for the present study.
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Definitionl1.1 [8]

Let G = (V, E) be a strong efficient
graph. Let S be ay,.- set of G. Let ve S.
A closed support strong efficient domination
number of v under addition is defined by
Yuenpdegu and it is denoted by
Supp ¥se [V].
Definition 1.2 [8]

Let G = (V, E) be a strong efficient
graph. Let S be ay,.- set of G. Let ve S.
A closed support strong efficient domination
number of G under addition is defined
by Y,essuppvy.h[v] and it is denoted
by suppyse [G]-
Definition1.3 [8]

Let = G (V, E) be a strong efficient
graph. Let S be ay,.- set of G. Let ve S.
A  closed

domination

support  strong  efficient
number of v  under
multiplication is defined by [[yenpy)degu

and it is denoted by supp yee[v]-

Definition 1.4 [8]

Let G =(V, E) be a strong efficient
graph. Let S be a y,.- set of G. Let ve S. A
closed support strong efficient domination
number of G under multiplication is defined

by [Tyes supp vee[v] and it is denoted by
Suppyse [G].

Definition 1.5 [18]

The line graph L(G) of G is the
graph whose vertex set is E(G) in which two
vertices are adjacent if and only if they are
adjacent in G.

Definition 1.6 [3]

The jump graph J(G) of G is the
graph whose vertex set is E(G) in which two
vertices are adjacent if and only if they are

nonadjacent in G.

Definition 1.7 [13]
The paraline graph PL(G) is a line

graph of the subdivision graph of G.
Definition 1.8

Let G be a simple graph. The semi-total
point graph T, (G) is the graph whose vertex
set is V(G) U E(G), where two vertices are
adjacent if and only if

(i) they are adjacent vertices of G or

(i) one is a vertex of G and the other

is an edge of G incident with it.
Definition 1.9

Let G be a simple graph. The semi-total
line graph T,(G)is the graph whose vertex
set is V(G) U E(G) where two vertices are
adjacent if and only if

(i) they are adjacent edges of G or

(i) one is a vertex of G and the other

Is an edge of G incident with it.
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Definition 1.10

Let G be a simple graph. The total graph
T(G) is the graph whose vertex set is V(G)
U E(G), where two vertices are adjacent if
and only if

() they are adjacent vertices of G or

(i)  they are adjacent edges of G or

(iii)  one is a vertex of G and the other

is an edge of G incident with it.

Definition 1.11

Let G be a simple graph. The quasi-total
graph P(G) is the graph whose vertex set is
V(G) U E(G), where two vertices are
adjacent if and only if

Q) they are non adjacent vertices of

Gor
(i)  they are adjacent edges of G or
(iii)  one is a vertex of G and the other

is an edge of G incident with it.

Definition 1.12

Let G be a simple graph. The quasi-
vertex total graph Q(G) is the graph whose
vertex set is V(G) U E(G), where two
vertices are adjacent if and only if

Q) they are adjacent vertices of G or

(i) they are non adjacent vertices of

Gor
(iii)  they are adjacent edges of G or
(iv)  one is a vertex of G and the other

is an edge of G incident with it.

Definition 1.13 [4]

Bistar D,,, , is the graph obtained
from K, by joining m pendant edges to one
end vertex of K, and n pendant edges to the
other end of K,. The edge K, is called the
central edge of D,,, and the vertices of K,
are called the central vertices of K,
Definition 1.14 [16]

A vertex switching G, of a graph G
is obtained by taking a vertex v of G,
removing all edges incident to v and adding
edges joining v to every vertex which are
not adjacent to v in G.

Definition 1.15[7]

For a graph G, the complementary
prism, denoted by GG, is formed from a
copy of G and a copy of G by adding a
perfect matching between corresponding
vertices.

Previous results 1.16 [8,12]
a.LetG=P;, n €N. Then
. suppyse(G) = 4n -2
il suppyse(G) = 4"
b. Let G=P;,,,,n €N. Then
I supp ¥ (G) = 4n+ 1
i, supp yse(G) = 4™
c.LetG=K,, n € N. Then
. suppyse(G) = (n — 1)?
i suppyse(G) = (n— D"
d.Let G=K;,,n € N. Then
. supp ¥56(G) =n
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il suppyse(G) =1
e.Let G=Dp,,, mn e N. Then

i suppyE(G) = m+ (n+1)?, ifm>n

ii. suppy(G) =+ D™, ifm > n
f. Dyp), s> 1 is strong efficient.
0. Dy, s = 1 is strong efficient.
h. Dy guv)» T, 8 > 1 is strong efficient.
Remark 1.17

Let G = (V, E) be a strong efficient

graph. If v is an isolated point, then
supp vE[v] = supp yse[v] = 0 and also
supp y.s[G] = 0. If G = K,,, then supp y4[G]
= supp ¥se[G] = 0.
MAIN RESULTS

Theorem 2.1: Let G=K;,,n e Nand G' =
L(K; ) = K,,.Then
i supp ¥se[Gl+ supp yeelG'T= 2n +

(n—1)"
i supp ¥eelG] + supp ys[G'l1 = n +
(n—1)"

Proof: The theorem follows immediately
from the previous results 1.16 (c) & 1.16 (d)

Theorem 2.2: Let G=K;,ne Nand G' =
J(Ky ) =K,.Then

. suppyse [G 1+ supp s [G']=2n

i suppyse[Gl+ suppyse[G']=n
Proof: The theorem follows immediately

from the previous result 1.16 (d) & Remark
1.17.

Theorem 2.3: Let G=K;,,ne Nand G’ =
PL(K1 ). Then

. suppyse [G1+ supp yse [G']=2n (n+1)
il supp ¥selGl + supp yse[G'] = n
+ pn+(n-1)

Proof: Let G = K;,,, neN. Let V(G) =
{v,v,v,, ..., }and E(G) = {eq, €3, ..., €1}
where e; = vv;; 1 <i< n Let V(S(G)) =
{ v,us uy, .., Uy, 1,0y, ...,v, }and E(G)
={ey, €y, ..., ean yWhere e; = vu;,1 <i< n and
enyi = Wv; , 1 <i<n. Let G' = PL
(K12).V(G') = {eq.€2, ..., €21}, dege; = n1
<i<nanddege; =1,n+1<i<2n. ThenS; =
{e;, ensr! 1<k < n, k #, 1 <i< n} are

distinct y,.- sets of G’ [13].

I supp ys-[G] = 2n. Consider S, for
G'(Proof is similar for other sets).
Supp)/;; [el]:ZvEN[el]) deg v= 2?:1 deg e; +

deg e .1 =(N)n+ 1.

For 2 < k < n, supp vstlen+x] = deg ey

n+l.  Therefore  supp  y.[G']

Yves, SUPp ¥se[vl = supp ysp [ e ] +
k=1SUPP ¥se[€n+ic] = (M + 1+(n — 1)(n

+1)=2n?

Hence suppys,[G] + supp vs-[G'] = 2n +

2n? =2n (n+1)

ii. supp ves [G] = n. Consider S; for

G'(Proof is similar for other sets).
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supp ¥sele] = [lvenpe,1deg v =17, dege;
x dege,,q = n™ . For 2< k < n,
SUpp Yselen+k 1 = dege, = n. Therefore
supp ¥se [G"] = Ilves, supp vse[v] = supp
yselea] X [Tz supp ¥selen+] =n™ x n"~.
Hence supp yse(G) + supp yse(G') = n +n™

X nn—lz n+ nn+(n—1)

Theorem 2.4: Let G =K;,, n eN and G’
T;[K1n]- Then
L. suppyse[G] + supp s [G'] = 8n

. supp ¥se [G]+ supp yse [G'] = n
2n X 4™,

+

Proof: Let G = K;,, n € N. Let V(G)
{v,v,v,, .., 1} and E(G)
{e;, e, ...ep} where e; = vv; . Let G’

T,(Ky,) . Then V( G )

{v,vl,vz,...,vn,el,ez,...,en}, degv = 2n,

dege; = degv; =2,1<i<n.

i. suppyst[G] = 2n. When n =1, G'=
K5. suppys:[G'] = 6. Suppose n > 1. {v} is
the unique y,,.- set of G'. suppy.L[G'] = supp
[V] = Xuenppdeg u = degv+Xi, [deg e; +
deg v; = 6n. Hence supp ys5 [G] + supp
Vse[G'] =8n.

ii. suppy«s[G] = n. When n =1, G'= K.
Suppyse[G'] =8. Suppose n > 1. {v} is the
unique y,. - set of G'[13]. suppys[G'] =
supp ¥se [Vl = Iluenpydeg u =deg v X

. [deg e; X deg v;] = 2n x 4™ . Hence

SUPP Vse(G) + supp ¥se(G') =n + 2n X 4™,

Theorem 2.5: Let G=K;,, n eNand ¢' =
T;(Ky,). Then

L suppys; [Gl+ supp yse[G'] =2n* +
5n-1

ii.  suppyse [Gl+ supp yeelG'] = n +
n(n + 1)1

Proof: Let G = K;,, n € N. Let V(G)
{v,v,v,, .., v} and E(G) =
{ei, ey ...,e,}  where

G' = T,(Kyn,) . Then V( G ) =

e; = vv;. Let

{v,v,v,, ..., €1, €5, ...,e,},d6g V = n, deg
e;=n+landdegv; =1, 1<i<n ThenS; =
{eivi/l <j<nand j=i}, 1<i<n areys-

sets of G'[13].

I supp ys» [G] = 2n. Consider S, for
G' (Proof is similar for other sets).
suppyse[e1] =Xven(e,jdeg v =27 dege; +
degv+degv,=nn+1)+n+1=mn+
1) suppyse[v;] = degv; +dege; = n + 2,
2<i< n. Therefore suppys5[G'] =suppys:[ei]
+ 2Pz supp ¥se[vi] = (n+ 1)? + (n - 1)(n
+2)=2n%*+3n-1.

Hence suppy.t [G]+supp y&[G']=2n%+5n- 1

ii. suppy.. [G] = n. Consider S; for G’
(Proof is similar for other sets). suppyse[e;]
= [vene, deg v = [T}, dege; x deg v x

degv;=(n+1)"xnx1=nn+1)"
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SUppPYyse [v;] =degv; X dege; = n + 1, 2<i< n.
Therefore supp yss[G'] = supp yssles ]
x [Ty suppyve(v) = n(n+1)" x (n+
1= n(n + 1)2n

Hence suppyse (G) + supp yse (G') = n +
n(n+ 1)1

Theorem 2.6: Let G=K;,, n eNand G’ =
T(Ky,). Then

. SUpP ¥se [Gl+supp yse [G'] = n(n + 7).
. supp ¥se [Gl+ supp yee[G'] = n +
2n[2(n + D]

Proof: Let G = K;,, n € N. Let V(G)
={v, vy, vy, ..., v} and E(G) ={ey, €5, ..., €,,}
where e; = vv;. Let G' = T(K;,). Then
V(G') ={v,vy, v, ..., 0y, €4, €5, ..., e,}. deg
v=2n,dege;=n+1, 1<i<nanddegv; =

2,1<i<n.

ii. suppyst[G] = 2n. When n =1, G'=
K5. supp y:5[G'] = 6. Suppose n > 1. S = {v}
is the unique y,, - set of G'[13]. Hence
SUpPYse[G'] = supp ¥se[V] = Luenpw) degu
=deg v + Y-, dege; + Y7, degv; =n(n +
5). Hence supp yse[G] + supp yse[G']= n(n +
7).

iii. suppyse[G] = n. When n =1, G'= K.
SUpp Yes[G']= 8. Suppose n > 1. S ={v} is
the unique y,. - set of G'. suppys[G']
=supp yse [V = degv X [lyenpideg u =

degvx [Ix,[degv; X deg e;] = 2n[2(n +
D]". Hence supp yse[G]+ supp yse[G'] = n
+2n[2(n + 1)]™

Remark 2.7: Let G =K;,,, n = land G' =
P(Kin) = P3 Then supp v [G] + supp
¥se[G'] = 6 and supp[yse(G] + supp yse[G']
=3.

Theorem 2.8: Let G=K;,, n eNand ¢' =
Q(Ky1y). Then

. Supp yse [Gl+supp yse[G'] =n(2n + 6)
il supp yee[G] + supp yeelG'] = n
+2n(n + 1)

Proof: Let G = K;,, n € N. Let V(G)
E(G) =
{ei, ey, ..., e, Where e; = vv;. Let G'denote
the graph Q(K,,). Then we have V(G') =

{v,v,v,, .., v} and

{v,v,v,, ..., v, €1, €5, ...,e,} degv = 2n,

dege; =deg v; =n+1,1<i<n.

I. supp v (G) = 2n. When n =1, G'=
K. supp ys£(G") = 6. Suppose n > 1. {v} is
the unique y,, - set of G'[13]. Therefore
SUPP ¥se (G') = suppyse (v) = Zuen() degu
= degv+ X7, dege;+ Y-, deg v; = 2n+ n(n
+1) +n(n+1)=2(n?+ 2n).

Hence supp ys6(G) + supp ys£(G') = 2n? +
6n =n(2n + 6).

ii. suppy.(G) = n. When n =1, G'= K.
SUpPYss(G') = 8. Suppose n > 1. {Vv} is the
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unique ys.- set of G'. supp yee (G') = supp
Yoe (V) = Iluenw)deg(u) = degv X
™. [degv; x dege;] =2n(n+ )" x(n+
1™ =2n (n + 1)?" .Hence supp y (G) +
suppyes(G') = n+2n(n + 1)%"
Remark 2.9: Let G=K,,,n=1.G’ = GG =
KinKin = P,. Then supp ys [G] + supp
Vse[G']= 9 and supp yse [Gl+suppyse[G'] = 5.
Theorem 2.10: Let G=D; 5, se Nand G’ =
D, sy be the graph obtained by switching
the vertex v of the bistar D, ;. Then
. suppyse[G] + supp yse[G'] = 25 + 10
il supp yse[G] +suppyse[G'] = 4(s+1)

Proof: Let G = D5, se N. Let V(G)

{fu,v,u, uy, ..., U, V1,05, ..U} . Let G =
D1 5= P3 U sK;. Then V(G') =V(G), deg u
=degv=1,degu,=2anddeg v;=0, 1 <i<
S. S ={u,,v; I 1 <i< s} is the unique y,,.- set
of G'(see[12])

i. suppyst[G] = 2s + 6. Consider S of
G'. suppys;[u,] = degu, + degu + deg v =4
and suppy.t[v;] = 0, 1 <i< s. Therefore
supp ¥se [ G'1 = supp vt [ug 1 +
2{—1 Supp ¥se[vi] = 4. Hence suppys;[G] +
supp y.L[G'] = 2s +10.

il suppyse[G] = 4(s+1) and suppyse[G']
= 0. Hence supp yse[ Gl+supp yse[G'] =
4(s+1)

Theorem 2.11: LetG=D;;,se Nand G’ =
D1 5[, b€ the graph obtained by switching
the vertex u, of the bistar D, ;.Then

I. suppyst[G] + supp ysL[G'] = 65 + 10

il suppyse[G] + supp yse[G'] = (s+1)
[4+25(s+2) ]

Proof: Let G = D;;5, s € N. Let V(G)
= {u,v,uq, uy, .., U, Vq, Uy, .. U} Let G’ =
D1 s[u,)- Then V(G') = V(G), deg u = 1, deg
v=s+2 degu;=s+landdegv;=2,1
<i<s. S = {v} is the unique y,. - set of
G'[12].

i suppyse[G] = 2s + 6. suppyse[G'] =
SUPP ¥se[v] = Xuenpy) degu = degv + deg u
+degu, + )i ;degv; =s+t2+ 1+ (s+1) +
2s=4s + 4.

Hence suppy.t[G] + supp ysL[G'] = 6s + 10.

iii.  suppyse[G] = 4(s+1), suppyse[G'] =
suppyse [v] = Iluenpv) degu = degvxdeg u x
degu; x [[5.,degv; = (s+2)x (s + 1)25.
Hence supp y2S[G]+supp vee[G'] = 4(s+1) +
(s+2) (s + 1)2° = (s+1) [4+2°(s + 2) ]

Theorem 2.12: Let G=D, ¢, r,se N and G’
= Dysup be the graph obtained by
switching both the central vertices u and v of
the bistar D, ;. Then

. supp vse [G] + supp vs6[G'] =(r +
1)2 +4s+3r
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il supp yse[G] + supp yse[G'] =s(r +
1)T+1 +rs

Proof: Let G =D, 5, r, s eN. Let V(G) =
{u,v,uy, uy, ..., Ugy, V1,05, ...} Let G’
=Dy sjuv)= K1y UKy 5. Then V(G') =V(G).
deg u =s, deg v =r, degu; = deg v; = 1,
where 1<i<rand 1 <j<s. {u,v}is the

unique y,,- set of G'[12].

i. supp ysb [G] = (r+1)* + r +
25.5UpPYse[G'] = supp yse[U] + supp yse[V] =
degu + degv + Xi_;degv; + XI_;degy,
= 2(s + ). Hence suppyse[G] + supp yse[G']
=(r+1)2 +4s+3r.

. supp  vss [G] = s(r + 1"
supp vs¢[G'] = degu X degv X [[5, deg v;
X[Ij=, degu; =rs

Hence suppyse[G] +supp ¥se[G'] = s(r +

D™ +rs
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