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ABSTRACT 
 

Let G = (V, E) be a simple graph with p vertices and q edges. Let S be a 𝛾𝑠𝑒- set of G. Let 

v 𝜖 S.A closed support strong efficient domination number of v under addition is defined by 

∑ deg 𝑢 𝑢𝜖𝑁[𝑣] and it is denoted by supp 𝛾𝑠𝑒
+ [𝑣]. A closed support strong efficient domination 

number of G under addition is defined by ∑ supp 𝛾𝑠𝑒
+ [𝑣]𝑣𝜖𝑆  and it is denoted by supp 𝛾𝑠𝑒

+ [𝐺]. A 

closed support strong efficient domination number of v under multiplication is defined by 

∏ deg𝑢𝑢𝜖𝑁[𝑣]  and it is denoted by supp  𝛾𝑠𝑒
× [𝑣]. A closed support strong efficient domination 

number of G under multiplication is defined by ∏ supp 𝛾𝑠𝑒
× [𝑣]𝑣𝜖𝑆  and it is denoted by supp 

𝛾𝑠𝑒
× [𝐺]. In this paper, Nordhaus-Gaddum type relations on closed support strong efficient 

domination number of some star related graphs under addition and multiplication is studied. 

Key words: Closed support of a graph under addition, Closed support of a graph under multiplication, 

Nordhaus-Gaddum type relations, Strong efficient dominating sets, Strong efficient domination number. 

 

INTRODUCTION 

In this paper, only finite, undirected 

and  simple  graphs  are  considered. Let G =  

 

(V, E) be a graph with p vertices and q edges. 

The degree of any vertex u in G is the 
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number of edges incident with u and is 

denoted by deg u. A vertex of degree 0 in G 

is called an isolated vertex. The complement 

𝐺̅ of a graph G has V(G) as its vertex set and  

two vertices are adjacent in  𝐺̅ if and only if 

they are not adjacent in G. 
 
 

A subset S of V(G) of a graph G is 

called a dominating set of G if every vertex 

in V(G)\S is adjacent to a vertex in S 

(Hayness et al.,1998). The concept of strong 

(weak) efficient domination in graphs was 

introduced by Meena et.al., (2013) and 

further studied by Murugan and Meena 

(2016) and Murugan (2019). Nordhaus – 

Gaddum type relations on strong efficient 

dominating sets are studied in (Murugan and 

Meena and Murugan, 2019). A subset S of 

V(G) is called a strong (weak) efficient 

dominating set of G if for every point 𝑣 ∈

𝑉(𝐺),  we have |𝑁𝑠[𝑣] ∩ 𝑆| = 1 ( |𝑁𝑊[𝑣] ∩

𝑆| = 1), where 𝑁𝑠(𝑣)  = {𝑢 ∈ 𝑉(𝐺); 𝑢𝑣 ∈

𝐸(𝐺), degu 𝑢 ≥ deg 𝑣}  and 𝑁𝑠[𝑣]  = 

𝑁𝑠(𝑣) ∪  {v}( 𝑁𝑤(𝑣) =  {𝑢 ∈ 𝑉(𝐺); 𝑢𝑣 ∈

𝐸(𝐺), deg 𝑢 ≤  deg 𝑣}  and 𝑁𝑤[𝑣]  = 

𝑁𝑤(𝑣) ∪ {v}). The minimum cardinality of 

a strong (weak) efficient dominating set is 

called strong (weak) efficient domination 

number and is denoted by γse(𝐺)(γwe(𝐺)). A 

graph G is strong efficient if there exists a 

strong efficient dominating set of G.  
 

 

Balamurugan et.al (2019) introduced the 

concept of closed support of a graph      

under addition and closed support of a  

graph under multiplication. Let G = (V, E) 

be a graph. A closed support of a point v 

under addition is defined by 

∑ deguu∈N[v]  and it is denoted by 𝑠𝑢𝑝p[𝑣].  

A closed support of a graph, G under 

addition is defined by ∑ supp[v]v∈V(G)  and 

it is denoted by 𝑠𝑢𝑝p[𝐺]. A closed      

support of a point, v under multiplication    

is defined by ∏ deg𝑢𝑢𝜖𝑁[𝑣]  and it is    

denoted by mult[𝑣]. An open support of       

a graph, G under multiplication is defined   

by ∏ mult [𝑣]v∈V(G)  and it is denoted by 

mult[𝐺].  
 
 

Meena and Murugan (2022) introduced 

the concept of closed support                 

strong efficient domination number             

of a graph under addition and multiplication. 

In this paper, Nordhaus- Gaddum             

type relations on closed support             

strong efficient domination number of    

some star related graphs under addition    

and multiplication is studied.  
 

 

 

For all graph theoretic terminologies and 

notations, Harary (1969) is followed.        

The following definitions and results          

are necessary for the present study.  
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Definition1.1 [8] 
 

 

Let G = (V, E) be a strong efficient 

graph. Let S be a 𝛾𝑠𝑒 - set of G. Let v 𝜖 S.     

A closed support strong efficient domination 

number of v under addition is defined by 

∑ deg𝑢𝑢𝜖𝑁[𝑣]  and it is denoted by            

supp 𝛾𝑠𝑒
+ [𝑣]. 

 

[ 
 

Definition 1.2 [8] 
 

 

Let G = (V, E) be a strong efficient 

graph. Let S be a 𝛾𝑠𝑒 - set of G. Let v 𝜖 S.     

A closed support strong efficient domination 

number of G under addition is defined       

by ∑ supp 𝛾𝑠𝑒
+ [𝑣]𝑣𝜖𝑆 and it is denoted           

by supp𝛾𝑠𝑒
+ [𝐺]. 

 

Definition1.3 [8] 
 

 

Let = G (V, E) be a strong efficient 

graph. Let S be a 𝛾𝑠𝑒 - set of G. Let v 𝜖 S.     

A closed support strong efficient   

domination number of v under 

multiplication is defined by ∏ deg 𝑢𝑢𝜖𝑁[𝑣]  

and it is denoted by supp 𝛾𝑠𝑒
× [𝑣]. 

 

 

Definition 1.4 [8] 
 

Let G =(V, E) be a strong efficient 

graph. Let S be a 𝛾𝑠𝑒- set of G. Let v 𝜖 S. A 

closed support strong efficient domination 

number of G under multiplication is defined 

by ∏ supp 𝛾𝑠𝑒
× [𝑣]𝑣𝜖𝑆  and it is denoted by 

supp𝛾𝑠𝑒
× [𝐺].  

 

 

Definition 1.5 [18] 
 

The line graph L(G) of G is the 

graph whose vertex set is E(G) in which two 

vertices are adjacent if and only if they are 

adjacent in G. 
 

Definition 1.6 [3] 
 

The jump graph J(G) of G is the 

graph whose vertex set is E(G) in which two 

vertices are adjacent if and only if they are 

nonadjacent in G. 
 

Definition 1.7 [13] 
 

 The paraline graph PL(G) is a line 

graph of the subdivision graph of G. 
 

Definition 1.8 
 

Let G be a simple graph. The semi-total 

point graph 𝑇2(𝐺) is the graph whose vertex 

set is V(G) ∪ E(G), where two vertices are 

adjacent if and only if  

(i) they are adjacent vertices of G or 

(ii) one is a vertex of G and the other 

is an edge of G incident with it. 
 

Definition 1.9 
 

Let G be a simple graph. The semi-total 

line graph 𝑇1(𝐺)is the graph whose vertex 

set is V(G) ∪ E(G) where two vertices are 

adjacent if and only if  

(i) they are adjacent edges of G or 

(ii) one is a vertex of G and the other 

is an edge of G incident with it. 
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Definition 1.10 
 

Let G be a simple graph. The total graph 

T(G) is the graph whose vertex set is V(G) 

∪ E(G), where two vertices are adjacent if 

and only if  

(i) they are adjacent vertices of G or 

(ii) they are adjacent edges of G or 

(iii) one is a vertex of G and the other 

is an edge of G incident with it. 
 

Definition 1.11 
 

Let G be a simple graph. The quasi-total 

graph P(G) is the graph whose vertex set is 

V(G) ∪  E(G), where two vertices are 

adjacent if and only if  

(i) they are non adjacent vertices of 

G or 

(ii) they are adjacent edges of G or 

(iii) one is a vertex of G and the other 

is an edge of G incident with it. 
 

Definition 1.12 

Let G be a simple graph. The quasi-

vertex total graph Q(G) is the graph whose 

vertex set is V(G) ∪  E(G), where two 

vertices are adjacent if and only if  

(i) they are adjacent vertices of G or 

(ii) they are non adjacent vertices of 

G or 

(iii) they are adjacent edges of G or 

(iv) one is a vertex of G and the other 

is an edge of G incident with it. 

Definition 1.13 [4] 

Bistar 𝐷𝑚,𝑛  is the graph obtained 

from 𝐾2 by joining m pendant edges to one 

end vertex of  𝐾2 and n pendant edges to the 

other end of 𝐾2. The edge 𝐾2  is called the 

central edge of  𝐷𝑚,𝑛 and the vertices of 𝐾2 

are called the central vertices of  𝐾2 

Definition 1.14 [16] 

 A vertex switching 𝐺𝑣 of a graph G 

is obtained by taking a vertex v of G, 

removing all edges incident to v and adding 

edges joining v to every vertex which are 

not adjacent to v in G. 

Definition 1.15[7] 

 For a graph G, the complementary 

prism, denoted by 𝐺𝐺̅ , is formed from a 

copy of G and a copy of 𝐺̅  by adding a 

perfect matching between corresponding 

vertices. 

Previous results 1.16 [8,12] 

a. Let G = 𝑃3𝑛, 𝑛 ∈ 𝑁.  Then  

i. supp𝛾𝑠𝑒
+ (G) = 4n – 2 

ii. supp𝛾𝑠𝑒
× (G) = 4𝑛−1 

b. Let G = 𝑃3𝑛+1, 𝑛 ∈ 𝑁.  Then  

i. supp 𝛾𝑠𝑒
+ (G) = 4n+ 1  

ii. supp 𝛾𝑠𝑒
× (G) =  4𝑛 

c. Let G = 𝐾𝑛 , 𝑛 ∈ 𝑁.  Then  

i. supp𝛾𝑠𝑒
+ (G) = (𝑛 − 1)2 

ii. supp𝛾𝑠𝑒
× (G) = (𝑛 − 1)𝑛−1 

d. Let G = 𝐾1,𝑛 , 𝑛 ∈ 𝑁.  Then  

i. supp 𝛾𝑠𝑒
+ (G) = 𝑛 
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ii. supp 𝛾𝑠𝑒
× (G) =1 

e. Let G = 𝐷𝑚,𝑛 , m, n  N. Then  

i. supp 𝛾𝑠𝑒
+ (G) =  𝑚 + (𝑛 + 1)2,  if m ≥ n 

ii. supp𝛾𝑠𝑒
× (G) = (𝑛 + 1)𝑛+1, if m ≥  n 

f.  𝐷1,𝑠[𝑣], s ≥ 1 is strong efficient. 

g . 𝐷1,𝑠[𝑢1], s ≥ 1 is strong efficient. 

h. 𝐷𝑟,𝑠[𝑢,𝑣], r, s ≥ 1 is strong efficient. 
 

Remark 1.17 

 Let G = (V, E) be a strong efficient 

graph. If v is an isolated point, then 

supp  𝛾𝑠𝑒
+ [𝑣]  = supp  𝛾𝑠𝑒

× [𝑣]  = 0 and also 

supp 𝛾𝑠𝑒
× [𝐺] = 0. If G = 𝐾𝑛

̅̅̅̅ , then supp 𝛾𝑠𝑒
+ [𝐺] 

= supp 𝛾𝑠𝑒
× [𝐺] = 0. 

 

MAIN RESULTS 
 

Theorem 2.1: Let G = 𝐾1,𝑛, n  N and 𝐺′ = 

L(𝐾1,𝑛) = 𝐾𝑛.Then  

i. supp  𝛾𝑠𝑒
+ [𝐺] + supp 𝛾𝑠𝑒

+ [𝐺′] = 2n + 

(𝑛 − 1)𝑛 

ii. supp  𝛾𝑠𝑒
× [𝐺] + supp 𝛾𝑠𝑒

× [𝐺′] = n + 

(𝑛 − 1)𝑛 
 

Proof: The theorem follows immediately 

from the previous results 1.16 (c) & 1.16 (d) 

 

Theorem 2.2: Let G = 𝐾1,𝑛 n  N and 𝐺′ = 

J(𝐾1,𝑛) =𝐾𝑛.Then  

i. supp𝛾𝑠𝑒
+ [𝐺]+ supp 𝛾𝑠𝑒

+ [𝐺′]=2n 

ii. supp𝛾𝑠𝑒
× [𝐺]+ supp𝛾𝑠𝑒

× [𝐺′] = n 
 

Proof: The theorem follows immediately 

from the previous result 1.16 (d) & Remark 

1.17. 

 

Theorem 2.3: Let G = 𝐾1,𝑛, n  N and 𝐺′ = 

PL(𝐾1,𝑛). Then  

i. supp𝛾𝑠𝑒
+ [𝐺]+ supp 𝛾𝑠𝑒

+ [𝐺′]=2n (n+1) 

ii. supp 𝛾𝑠𝑒
× [𝐺] + supp  𝛾𝑠𝑒

× [𝐺′]  = n 

+ 𝑛𝑛+(𝑛−1) 

Proof: Let G = 𝐾1,𝑛 , nN. Let V(G) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛} and E(G) = {𝑒1, 𝑒2, … , 𝑒𝑛} 

where 𝑒𝑖  = 𝑣𝑣𝑖 ; 1 i n Let V(S(G)) = 

{ 𝑣, 𝑢1 ,𝑢2, … , 𝑢𝑛 , 𝑣1, 𝑣2, … , 𝑣𝑛 }and E(G) 

={𝑒1, 𝑒2, … , 𝑒2𝑛}where 𝑒𝑖 = 𝑣𝑢𝑖,1 i n and 

𝑒𝑛+𝑖  = 𝑢𝑖𝑣𝑖 , 1 in. Let  𝐺′  = PL 

(𝐾1,𝑛).V(𝐺′) = {𝑒1,.𝑒2, … , 𝑒2𝑛}, deg 𝑒𝑖 = n,1 

i n and deg 𝑒𝑖 = 1, n + 1 i 2n. Then 𝑆𝑖 = 

{𝑒𝑖 , 𝑒𝑛+𝑘 / 1 k  n, k i , 1 i n} are 

distinct 𝛾𝑠𝑒- sets of 𝐺′ [13].  
 

i. supp 𝛾𝑠𝑒
+ [𝐺] = 2n. Consider 𝑆1 for 

𝐺′(Proof is similar for other sets). 

supp𝛾𝑠𝑒
+ [𝑒1]=∑ deg 𝑣𝑣∈𝑁[𝑒1])  = ∑ deg 𝑒𝑖

𝑛
𝑖=1  + 

deg 𝑒𝑛+1 = (n) n + 1. 

For 2  k  n, supp 𝛾𝑠𝑒
+ [𝑒𝑛+𝑘] = deg 𝑒𝑘  = 

n+1. Therefore supp  𝛾𝑠𝑒
+ [𝐺′]  = 

∑ supp 𝛾𝑠𝑒
+ [𝑣] 𝑣∈𝑆1

 = supp  𝛾𝑠𝑒
+ [ 𝑒1 ] + 

∑ supp 𝛾𝑠𝑒
+ [𝑒𝑛+𝑘]𝑛

𝑘=1  = (n)n + 1+(n – 1)(n 

+1)= 2𝑛2 

Hence supp𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′ ] = 2n + 

2𝑛2 = 2n (n+1) 

 

ii. supp 𝛾𝑠𝑒
× [G] = n. Consider 𝑆1 for 

𝐺′(Proof is similar for other sets). 
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supp 𝛾𝑠𝑒
× [𝑒1] = ∏ deg 𝑣𝑣∈𝑁[𝑒1]  = ∏ deg 𝑒𝑖

𝑛
𝑖=1  

× deg 𝑒𝑛+1  = 𝑛𝑛 . For 2 k  n, 

supp 𝛾𝑠𝑒
× [𝑒𝑛+𝑘 ] = deg 𝑒𝑘  = n. Therefore 

supp 𝛾𝑠𝑒
× [ 𝐺′ ] = ∏ supp 𝛾𝑠𝑒

× [𝑣] 𝑣∈𝑆1
= supp 

𝛾𝑠𝑒
× [𝑒1] × ∏ supp 𝛾𝑠𝑒

× [𝑒𝑛+𝑘]𝑛
𝑘=2  = 𝑛𝑛 × 𝑛𝑛−1. 

Hence supp 𝛾𝑠𝑒
× (G) + supp 𝛾𝑠𝑒

× (𝐺′) = n + 𝑛𝑛 

× 𝑛𝑛−1= n + 𝑛𝑛+(𝑛−1) 
 

 

Theorem 2.4: Let G = 𝐾1,𝑛, n N and 𝐺′ = 

𝑇2[𝐾1,𝑛]. Then  

i. supp𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′] = 8n 

ii. supp  𝛾𝑠𝑒
× [G]+ supp  𝛾𝑠𝑒

×  [𝐺′]  = n + 

2𝑛 × 4𝑛. 
 

 

Proof: Let G = 𝐾1,𝑛 , n  N. Let V(G) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛} and E(G) = 

{𝑒1, 𝑒2, … 𝑒𝑛} where 𝑒𝑖  = 𝑣𝑣𝑖 . Let 𝐺′ = 

𝑇2(𝐾1,𝑛) . Then V( 𝐺′ ) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛,𝑒1, 𝑒2, … , 𝑒𝑛} , degv = 2n, 

deg 𝑒𝑖 =  deg 𝑣𝑖 = 2, 1 i n. 

 
 

i. supp𝛾𝑠𝑒
+ [G] = 2n. When n =1, 𝐺′ = 

𝐾3. supp𝛾𝑠𝑒
+ [𝐺′] = 6. Suppose n ≥ 1. {v} is 

the unique 𝛾𝑠𝑒- set of 𝐺′. supp𝛾𝑠𝑒
+ [𝐺′] = supp 

[v] = ∑ deg 𝑢𝑢∈𝑁[𝑣]  = degv+∑ [deg 𝑒𝑖 +𝑛
𝑖=1 

 deg 𝑣𝑖  = 6n. Hence supp 𝛾𝑠𝑒
+ [G] + supp 

𝛾𝑠𝑒
+ [𝐺′] = 8n. 

 

 

ii. supp𝛾𝑠𝑒
× [G] = n. When n =1, 𝐺′= 𝐾3. 

supp𝛾𝑠𝑒
× [𝐺′] =8. Suppose n ≥ 1. {v} is the 

unique 𝛾𝑠𝑒 - set of 𝐺′ [13]. supp𝛾𝑠𝑒
× [ 𝐺′ ] = 

supp 𝛾𝑠𝑒
× [v] = ∏ deg 𝑢𝑢∈𝑁[𝑣]  =deg v ×

∏ [deg 𝑒𝑖 × deg 𝑣𝑖
𝑛
𝑖=1 ]  = 2𝑛 × 4𝑛 . Hence 

supp 𝛾𝑠𝑒
× (G) + supp 𝛾𝑠𝑒

× (𝐺′) = n + 2𝑛 × 4𝑛. 
 

Theorem 2.5: Let G = 𝐾1,𝑛, n N and 𝐺′ = 

𝑇1(𝐾1,𝑛). Then  

i. supp 𝛾𝑠𝑒
+ [G]+ supp 𝛾𝑠𝑒

+ [𝐺′ ] = 2𝑛2 +

 5n –  1 

ii. supp 𝛾𝑠𝑒
× [G]+ supp  𝛾𝑠𝑒

× [𝐺′ ] = n + 

n(𝑛 + 1)2𝑛−1 

Proof: Let G = 𝐾1,𝑛 , n  N. Let V(G) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛} and E(G) = 

{𝑒1, 𝑒2, … , 𝑒𝑛} where        𝑒𝑖 = 𝑣𝑣𝑖 . Let 

𝐺′ = 𝑇1(𝐾1,𝑛) . Then V( 𝐺′ ) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛 , 𝑒1, 𝑒2, … , 𝑒𝑛},deg v = n, deg 

𝑒𝑖 = n + 1 and deg 𝑣𝑖 = 1, 1 i n. Then 𝑆𝑖 = 

{ 𝑒𝑖, 𝑣𝑗/1  j  n and j i}, 1 i n are𝛾𝑠𝑒- 

sets of 𝐺′[13]. 
 

i. supp 𝛾𝑠𝑒
+ [G] = 2n. Consider 𝑆1 for 

𝐺′ (Proof is similar for other sets). 

supp𝛾𝑠𝑒
+ [𝑒1] =∑ deg 𝑣𝑣∈𝑁[𝑒1]  = ∑ deg 𝑒𝑖

𝑛
𝑖=1  + 

deg 𝑣 + deg𝑣1 = n(n + 1) + n + 1 = (𝑛 +

1)2. supp𝛾𝑠𝑒
+ [𝑣𝑖] = deg𝑣𝑖 + deg 𝑒𝑖 = n + 2, 

2i n. Therefore supp𝛾𝑠𝑒
+ [𝐺′] =supp𝛾𝑠𝑒

+ [𝑒1] 

+ ∑ supp 𝛾𝑠𝑒
+ [𝑣𝑖]

𝑛
𝑖=2  = (𝑛 + 1)2  + (n – 1)(n 

+ 2) = 2𝑛2+ 3n – 1.  

Hence supp𝛾𝑠𝑒
+ [G]+supp 𝛾𝑠𝑒

+ [𝐺′]=2𝑛2+5n– 1 

 

ii. supp𝛾𝑠𝑒
× [G] = n. Consider 𝑆1  for 𝐺′ 

(Proof is similar for other sets). supp𝛾𝑠𝑒
× [𝑒1] 

= ∏ deg 𝑣𝑣∈𝑁[𝑒1]  = ∏ deg 𝑒𝑖
𝑛
𝑖=1  × deg 𝑣  × 

deg 𝑣1 = (𝑛 + 1)𝑛 × n × 1 = n(𝑛 + 1)𝑛. 



NORDHAUS-GADDUM TYPE RELATIONS ON CLOSED SUPPORT STRONG EFFICIENT DOMINATION                IMIRJ-VII (1) ISSN: 2456 – 4613 

NUMBER  OF SOME STAR RELATED GRAPHS UNDER ADDITION AND MULTIPLICATION  

7 
 

supp𝛾𝑠𝑒
× [𝑣𝑖] =deg𝑣𝑖 × deg 𝑒𝑖 = n + 1, 2i n. 

Therefore supp 𝛾𝑠𝑒
× [𝐺′ ] = supp 𝛾𝑠𝑒

× [𝑒1 ] 

× ∏ supp 𝛾𝑠𝑒
+ (𝑣𝑖)

𝑛
𝑖=2  = n (𝑛 + 1)𝑛  × (𝑛 +

1)𝑛−1= n(𝑛 + 1)2𝑛−1 
 

Hence supp 𝛾𝑠𝑒
× (G) + supp 𝛾𝑠𝑒

× ( 𝐺′ ) = n + 

n(𝑛 + 1)2𝑛−1 

 

Theorem 2.6: Let G = 𝐾1,𝑛, n N and 𝐺′ = 

T(𝐾1,𝑛). Then 

i. supp 𝛾𝑠𝑒
+ [G]+supp 𝛾𝑠𝑒

+ [𝐺′] = n(n + 7). 

i. supp 𝛾𝑠𝑒
× [G]+ supp 𝛾𝑠𝑒

× [𝐺′]  = n + 

2n[2(n +  1)]𝑛.  
 

Proof: Let G = 𝐾1,𝑛 , n  N. Let V(G) 

={𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛} and E(G) = {𝑒1, 𝑒2, … , 𝑒𝑛} 

where 𝑒𝑖  = 𝑣𝑣𝑖 . Let 𝐺′  = T( 𝐾1,𝑛 ). Then 

V(𝐺′) = {𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛 , 𝑒1, 𝑒2, … , 𝑒𝑛}. deg 

v = 2n, deg 𝑒𝑖 = n + 1,  1 i n and deg 𝑣𝑖 = 

2, 1 i n. 
 

ii. supp𝛾𝑠𝑒
+ [G] = 2n. When n =1, 𝐺′ = 

𝐾3. supp 𝛾𝑠𝑒
+ [𝐺′] = 6. Suppose n ≥ 1. S = {v} 

is the unique 𝛾𝑠𝑒 - set of 𝐺′ [13]. Hence 

supp𝛾𝑠𝑒
+ [𝐺′] = supp 𝛾𝑠𝑒

+ [𝑣] = ∑ deg 𝑢𝑢∈𝑁[𝑣]  

= deg v + ∑ deg 𝑒𝑖
𝑛
𝑖=1  + ∑ deg 𝑣𝑖

𝑛
𝑖=1  =n(n + 

5). Hence supp 𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′]= n(n + 

7). 

 

iii. supp𝛾𝑠𝑒
× [G] = n. When n =1, 𝐺′= 𝐾3. 

supp 𝛾𝑠𝑒
× [𝐺′]= 8. Suppose n ≥ 1. S ={v} is 

the unique 𝛾𝑠𝑒 - set of 𝐺′ . supp 𝛾𝑠𝑒
× [ 𝐺′ ] 

=supp 𝛾𝑠𝑒
× [v] = degv × ∏ deg 𝑢𝑢∈𝑁[𝑣]  = 

degv× ∏ [𝑑𝑒𝑔𝑣𝑖 × deg 𝑒𝑖
𝑛
𝑖=1 ] = 2n[2(n +

 1)]𝑛. Hence supp 𝛾𝑠𝑒
× [G]+ supp 𝛾𝑠𝑒

× [𝐺′] = n 

+ 2n[2(n +  1)]𝑛.   
 

Remark 2.7: Let G = 𝐾1,𝑛 , n = 1and 𝐺′ = 

P( 𝐾1,𝑛 ) = 𝑃3  Then supp 𝛾𝑠𝑒
+ [G] + supp 

𝛾𝑠𝑒
+ [𝐺′] = 6 and supp[𝛾𝑠𝑒

× (G] + supp 𝛾𝑠𝑒
× [𝐺′] 

= 3. 
 

Theorem 2.8: Let G = 𝐾1,𝑛, n N and 𝐺′ = 

Q(𝐾1,𝑛). Then 

i. supp 𝛾𝑠𝑒
+ [G]+supp 𝛾𝑠𝑒

+ [𝐺′] =n(2n + 6) 

ii. supp 𝛾𝑠𝑒
× [ G] + supp 𝛾𝑠𝑒

× [𝐺′ ] = n 

+ 2𝑛(𝑛 + 1)2𝑛 
 

Proof: Let G = 𝐾1,𝑛 , n  N. Let V(G) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛} and E(G) = 

{𝑒1, 𝑒2, … , 𝑒𝑛} where 𝑒𝑖  = 𝑣𝑣𝑖 . Let 𝐺′denote 

the graph Q(𝐾1,𝑛). Then we have V(𝐺′) = 

{𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛 , 𝑒1, 𝑒2, … , 𝑒𝑛} degv = 2n, 

deg𝑒𝑖 = deg 𝑣𝑖 = n + 1,1 i n. 

 

i. supp 𝛾𝑠𝑒
+ (G) = 2n. When n =1, 𝐺′= 

𝐾3. supp 𝛾𝑠𝑒
+ (𝐺′) = 6. Suppose n ≥ 1. {v} is 

the unique 𝛾𝑠𝑒 - set of 𝐺′ [13]. Therefore 

supp 𝛾𝑠𝑒
+ (𝐺′) = supp𝛾𝑠𝑒

+ (𝑣) = ∑ deg 𝑢𝑢∈𝑁(𝑣)  

= degv+ ∑ deg 𝑒𝑖
𝑛
𝑖=1 + ∑ deg 𝑣𝑖

𝑛
𝑖=1  = 2n+ n(n 

+ 1) + n(n + 1) = 2(𝑛2 + 2𝑛). 

Hence supp 𝛾𝑠𝑒
+ (G) + supp 𝛾𝑠𝑒

+ (𝐺′) = 2𝑛2 + 

6n = n(2n + 6). 
 

ii. supp𝛾𝑠𝑒
× (G) = n. When n =1, 𝐺′= 𝐾3. 

supp𝛾𝑠𝑒
× (𝐺′) = 8. Suppose n ≥ 1. {v} is the 
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unique 𝛾𝑠𝑒 - set of 𝐺′ . supp 𝛾𝑠𝑒
× (𝐺′) = supp 

𝛾𝑠𝑒
× (v) = ∏ deg (𝑢)𝑢∈𝑁(𝑣)  = degv  ×

∏ [deg𝑣𝑖 × 𝑑𝑒𝑔𝑒𝑖
𝑛
𝑖=1 ]  = 2𝑛(𝑛 + 1)𝑛 × (𝑛 +

1)𝑛  =2n (𝑛 + 1)2𝑛 .Hence supp 𝛾𝑠𝑒
× (G) + 

supp𝛾𝑠𝑒
× (𝐺′) = n +2𝑛(𝑛 + 1)2𝑛 

 

Remark 2.9: Let G = 𝐾1,𝑛, n = 1. G’ = 𝐺𝐺̅ = 

𝐾1,𝑛𝐾1,𝑛  = 𝑃4 . Then supp 𝛾𝑠𝑒
+ [G] + supp 

𝛾𝑠𝑒
+ [𝐺′]= 9 and supp 𝛾𝑠𝑒

× [G]+supp𝛾𝑠𝑒
× [𝐺′] = 5. 

 

Theorem 2.10: Let G = 𝐷1,𝑠, s N and 𝐺′ = 

𝐷1,𝑠[𝑣]  be the graph obtained by switching 

the vertex v of the bistar 𝐷𝑟,𝑠.Then  

i. supp𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′] = 2s + 10 

ii. supp 𝛾𝑠𝑒
× [G] +supp𝛾𝑠𝑒

× [𝐺′] = 4(s+1) 
 

Proof: Let G = 𝐷1,𝑠 , s N. Let V(G) = 

{𝑢, 𝑣, 𝑢1, 𝑢2, … , 𝑢𝑠 , 𝑣1, 𝑣2, … 𝑣𝑠} . Let 𝐺′  = 

𝐷1,𝑠[𝑣]= 𝑃3 ∪ 𝑠𝐾1. Then V(𝐺′) =V(G), deg u 

= deg v = 1, deg 𝑢1= 2 and deg 𝑣𝑖= 0, 1 i 

s. S = {𝑢1, 𝑣𝑖 / 1 i s} is the unique 𝛾𝑠𝑒- set 

of 𝐺′(see[12]) 

 

i. supp𝛾𝑠𝑒
+ [G] = 2s + 6. Consider S of 

𝐺′. supp𝛾𝑠𝑒
+ [𝑢1] = deg𝑢1 + deg u + deg v = 4 

and supp 𝛾𝑠𝑒
+ [ 𝑣𝑖 ] = 0, 1 i s. Therefore 

supp  𝛾𝑠𝑒
+ [ 𝐺′ ] = supp 𝛾𝑠𝑒

+ [ 𝑢1 ] + 

∑ supp 𝛾𝑠𝑒
+ [𝑣𝑖]

𝑠
𝑖=1  = 4. Hence supp𝛾𝑠𝑒

+ [G] + 

supp 𝛾𝑠𝑒
+ [𝐺′] = 2s +10. 

ii. supp𝛾𝑠𝑒
× [G] = 4(s+1) and supp𝛾𝑠𝑒

× [𝐺′] 

= 0. Hence supp 𝛾𝑠𝑒
× [ G]+supp  𝛾𝑠𝑒

× [𝐺′ ] = 

4(s+1) 

Theorem 2.11: Let G = 𝐷1,𝑠, s  N and 𝐺′ =  

𝐷1,𝑠[𝑢1] be the graph obtained by switching 

the vertex 𝑢1 of the bistar 𝐷𝑟,𝑠.Then  

i. supp𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′] = 6s + 10 

ii. supp𝛾𝑠𝑒
× [G] + supp 𝛾𝑠𝑒

× [𝐺′ ] = (s+1) 

[4+2𝑠(s + 2) ] 
 

Proof: Let G = 𝐷1,𝑠 , s  N. Let V(G) 

= {𝑢, 𝑣, 𝑢1, 𝑢2, … , 𝑢𝑠, 𝑣1, 𝑣2, … 𝑣𝑠} Let 𝐺′ = 

𝐷1,𝑠[𝑢1]. Then V(𝐺′) = V(G), deg u = 1, deg 

v = s + 2, deg 𝑢1 = s + 1 and deg 𝑣𝑖 = 2, 1 

is. S = {v} is the unique 𝛾𝑠𝑒 - set of 

𝐺′[12]. 
 

i. supp𝛾𝑠𝑒
+ [G] = 2s + 6. supp𝛾𝑠𝑒

+ [𝐺′] = 

supp 𝛾𝑠𝑒
+ [𝑣] = ∑ deg 𝑢𝑢∈𝑁[𝑣]  = degv + deg u 

+ deg 𝑢1 + ∑ deg 𝑣𝑖
𝑠
𝑖=1  = s+2+ 1 + (s + 1) + 

2s = 4s + 4.  

Hence supp𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′] = 6s + 10. 
 

iii. supp𝛾𝑠𝑒
× [G] = 4(s+1), supp𝛾𝑠𝑒

× [𝐺′] = 

supp𝛾𝑠𝑒
× [𝑣] = ∏ deg𝑢𝑢∈𝑁[𝑣]  = degv×deg u × 

deg 𝑢1  × ∏ deg 𝑣𝑖
𝑠
𝑖=1  = (s+2)× (s + 1) 2𝑠 . 

Hence supp 𝛾𝑠𝑒
× [G]+supp 𝛾𝑠𝑒

× [𝐺′] = 4(s+1) + 

(s+2) (s + 1)2𝑠 = (s+1) [4+2𝑠(s + 2) ] 
 

Theorem 2.12: Let G = 𝐷𝑟,𝑠, r, s N and 𝐺′ 

= 𝐷𝑟,𝑠[𝑢,𝑣]  be the graph obtained by 

switching both the central vertices u and v of 

the bistar 𝐷𝑟,𝑠.Then 

i. supp 𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′ ] =(𝑟 +

1)2 + 4s + 3r 
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ii. supp 𝛾𝑠𝑒
× [G] + supp 𝛾𝑠𝑒

× [𝐺′] =𝑠(r +

 1)𝑟+1 + rs 
 

Proof: Let G = 𝐷𝑟,𝑠 , r, s N. Let V(G) = 

{𝑢, 𝑣, 𝑢1, 𝑢2, … , 𝑢𝑠𝑟 , 𝑣1, 𝑣2, … 𝑣𝑠} Let 𝐺′ 

= 𝐷𝑟,𝑠[𝑢,𝑣]= 𝐾1,𝑟 ∪ 𝐾1,𝑠 . Then V(𝐺′) =V(G). 

deg u = s, deg v = r, deg𝑢𝑖  = deg 𝑣𝑗  = 1, 

where  1i r and 1  j  s .  {𝑢, 𝑣} is the 

unique 𝛾𝑠𝑒- set of 𝐺′[12]. 
 

i. supp 𝛾𝑠𝑒
+ [G] = (𝑟 + 1)2  + r + 

2s.supp𝛾𝑠𝑒
+ [𝐺′] = supp 𝛾𝑠𝑒

+ [u] + supp 𝛾𝑠𝑒
+ [v] = 

deg 𝑢 + deg 𝑣 + ∑ deg 𝑣𝑗
𝑠
𝑗=1  + ∑ deg𝑢𝑖

𝑟
𝑖=1   

= 2(s + r). Hence supp𝛾𝑠𝑒
+ [G] + supp 𝛾𝑠𝑒

+ [𝐺′] 

= (𝑟 + 1)2 + 4s + 3r. 
 

ii. supp  𝛾𝑠𝑒
× [G] = 𝑠(r +  1)𝑟+1 . 

supp 𝛾𝑠𝑒
× [𝐺′] = degu × deg 𝑣 × ∏ deg 𝑣𝑗

𝑠
𝑗=1  

×∏ deg 𝑢𝑖
𝑟
𝑖=1  = rs 

Hence supp 𝛾𝑠𝑒
× [G] +supp  𝛾𝑠𝑒

× [𝐺′ ] = 𝑠(r +

 1)𝑟+1 + rs 
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