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ABSTRACT

In this paper graph decompositions into three types of labelled graphs, namely
topogenic, edge topogenic and nullset magic graphs are defined. These types of
decomposition are discussed for complete graphs, wheels and Petersen graphs.
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INTRODUCTION

The study of graph decomposition has been one of the most important topics in graph
theory and also plays an important role in the study of combinatorics of experimental designs.
In this paper we have defined the decomposition of graphs into three types of labelled graphs
namely, topogenic, edge topogenic and nullset magic graphs.

1.TopogenicDecomposable graphs

Definition 1.1:

A graph G =(V, E) is said to be topogenic with respect to a non empty ground set X
if it admits a topogenic set indexer, which is a function f:V —2" such that
f(V)Uf®(E)is a topology on X where f®:E(G)—2"—{p}defined by
f€uv)=(fu)—f(v))u(f)-f(u))foralluve E(G)is the induced edge label and 2*is

the set of all subsets of a ground set X.

Example: Topogeniclabeling of graph G.
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T= f9V) U f(E)

(1480412}, {1.3},{3.4}{1.2,3},{1.3,4},{1.2.3,4}}
Clearly Tt is a topology on X. Therefore G is edge topogenic
Definitionl.2:

A graph G is said to be topogenic decomposable if each sub graph in the

decomposition is topogenic.
Definitionl1.4:

Let G be a group and S c G ,a set of generators.CayleygraphT'(G,S) is a
graph,whose vertex setV (T') is G and the edge set E (I") consists of all pairs(g, gs)such
that geG and seS.Let n>1 be an integer.Let S be the set of divisors of n. The set
S" ={s,n—s:seS} isasymmetric subset of the additive abelian group (Z,,®, ) of integer
modulo n. The Cayley graph of (Z,,®) associated with the above symmetric subset S*is
called the divisor Cayley graph and it is denoted by G(Z,, S*). The graph G(Z,, S*) is the

graph whose vertex set V = {O, 12 ..,n —1} and the edge set E is the set of all ordered

n|S
pairs a, b such that either a—b e S*or b—aeS*. The number of edges in G is %
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Itis |S*| regular.The cycle structure of these graphs has many applications in Engineering
and Communication Networks.

Example:

Divisor Cayley graph G, = (225, S *) where §* = {1, 5,20, 24} is the generating set of G,

Theoreml.1
The cycle C., n>3is topogenic.

Proof:
Let v,,V,, ..., v, be the vertices of C. .
Let X ={1,2,.., n-1}
Label the vertices of C, as follows:
Define f(v)=¢ and f(v,)={12,..,i-1},ie{23, .., n}
f(vvi,)={i},i=12,..,n-1
f(vv)=1{12,..,n-1}
19| ={{U, {2}, ., {n-1},{L2, .., n-1}}

T, = f(V)Uf®(E)
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={o. {1}, {2}, .. {n-1},{12},{1,2,3}, ..., {1.2, ..., n—1}}
Clearly f(v,)c f(v,,) fori=2,3, .., n-1
.~.Finite union and finite intersection of elements in T, will be in T,
.. T, is a topology on X.
.~. C, istopogenic.
Theoreml. 2

The divisorCaerygraphG(ZH,S*) is topogenic decomposable when n= p®,where p is a

prime number.

Proof:

G, :(sz, S*) where $* = {l, p, p° -1 p*— p} is the general setof G, .

Let {VO, V,, sz—l} be the vertex set and

= i Vi+1 Vi Vi+p ..
E { %S i < pz _1}U{ %ﬁ i < pz _1} be the edge set of Gp where addition

is taken over module p>.G, is decomposed into the edge disjoint cycles C,,C,,C,,...,C, ,,Cas

follows C, 1V Vi Vy Vg Vo, Vo

CoiVi Vg Vopis Vapugee V V1

p?—p+l

Cs V3 Vpo Vapez Vapize: Voo oy, Vs

Cp71 .Vp—l V2 p—l V3p_1.... sz—l Vp—l
CiVo ViV Voo Vi Vg
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By theorem 1.1,each cycle is topogenic .Therefore G(sz : S*) IS topogenic decomposable.

Theoreml. 3
K, istopogenic decomposable.
Proof:

Let v,,v,, ..., v, be the vertices of K, .

For j=12,3, .., n-1 let, G,represents the star with V(Gj):{vj,vj+l,vj+2, vn}and

E(G;)={vv /k=j+Lj+2 .. n} Then G, =k, ;, j=12,..,n~-1

It has been proved in [1]that for each j, k,, ;, is topogenic.

. K, istopogenic decomposable .

2.Edge topogenic decomposable graphs

Definition 2.1:

A graph G =(V, E)is said to be edge topogenic if it admits an edge topogenic set

indexer f:E—>2¢ such that f(E)Uf®(V)is a topology on X where

e.cE(G

f@(v): U( )f(ei)/ei is incidentatv}and f@(\/):{f®(v) /VEV}.
|

Example:

K, is edge topogenic.

{1,2.3} 1 {1,2}
Vq 5
3}
{1,3} {2}
Vg V3
{1,3) {3} 2,3}
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Definition 2.2:

Agraph G is said to be edge topogenic decomposable if each sub graph in the

decomposition is edge topogenic.

Definition 2.3:

The corona G, -G, of two graphs G, (with n, vertices and m, edges) and G, (with
n, vertices and m, edges) is defined as the graph obtained by taking one copy of G, and n,
copies of G, and then joining the i'" vertex of G, with an edge to every vertex in the i*"
copy of G,. It follows from the definition of corona that G,-G, has n, +nn, vertices and
m, +n,m, +n,n, edges.
Theorem 2.1:

The graph C, oK, the corona of C, and K, is edge topogenic.
Proof:

Let G = C oK, with V(G)={v,,V,, ..., v,}U{u,,u,, ..., u,} where u,u,, ..., u, are

the pendant vertices.
E(G) :{V1V2,V2V3, e V4V }U{Vlul,vzuz, v u }

1 Tn-1%n 1 ¥n¥n

Let X ={1,2, .., 2n-1}

Define f(vu;)={12 ..,i-1},i=23 .., n,

f(vyv;)={12 .., n+1}
f (v, oVoy)=1{L2 .., 2n-3}
f(v,.v,)=1{L2 .., 2n—-4, 2n-2}
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T, =f(E)Uf°MV)={g {1}, {2}, (1.2}, {1.2.3}, ... {12, .., 2n-3},
{12,..,2n—4,2n-2}}

T, is a topology on X.

. The graph G is edge topogenic.

Theorem 2.2:

Petersen graph P(n,1) is edge topogenic decomposable.

Proof:
Let G=P(n,1).
V(G)={v,,V,, ..., v, }U{u,,u,, ..., u, } and
E(G) ={Wy, Voly, ooy VU, F UV, VoV, oy VY,
Now decompose G as
0] G, =C, oK,
V(G)={v,V, .., v, }U{up, Uy, .oy U, }
E(G,)={Vil,V,U,, ..., VU, JU{V,V,, Vs, oy v, 4V, } and
(i) G,a cycle with
V(G,)={u,u,, .., u,}
E(G,)={uu,,uus, ..., u,,u,}
By theorem 2.1, G, is edge topogenic. It has been proved that in [2] that G, is edge
topogenic.

~.P(n,1)is edge topogenic decomposable.
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3.Null set magic decomposable graphs

Definition 3.1:

A graph G is said to be nullset magic if its edges can be assigned distinct subsets
of a non empty set X with 2™ <|E(G)|<2"/ -1 such that for every vertex u of G
intersection of the subsets assigned to the edges incident at u is ¢ . Such a set assignment

to the edges of G is called a nullset magic labelling of G .

Null set magic labeling of G:

(0 {1} (0

{2,3} {1,2}
{2}

® 3)
= , S D) < —
[E@)| =5, 2°<><2°-1

Edges of G should be assigned members of 2% where |x| =3. Letx={1,2,3}

Intersection of the subsets assigned to the edges incident at each vertex is ¢. Therefore

Gis null set magic.

Definition 3.2:

A graph Gis said to be nullset magic decomposable if each sub graph in the

decomposition is nullset magic.

Definition 3.3:

When k copies of C_ share a common edge, it will from an n-gon book of k pages

and is denoted by B(n, k). The common edge is called the spine or base of the book.

Theorem 3.1

Wheel W,, n> 4 is nullset magic.
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Proof:

LetV ={u,v;,V,, ..., V,} be the vertex set where u is the centre vertex and
E ={uv,,uv,, ..., uv, } U{w,V,,V,V, ..., v, .V, } be the edge set. For nullset magic labelling
X <|E@G)|< 2% -1

Let |X|=k

Now label the edges uv,,uv,, ..., uv, as follows:

I[uvi(i_l)ﬂj:{i}, i=12, ..k

2

UVi(i—l)+2
2

={Li},i=2,3, .., k

uvi(i—1)+3
2

—{2,i},i=34, ..k

UVi(ig) 4]:{3,i}, i=4,5, ...,k

2

(J{}

2

Now, label the edges {v,v,,V,V,, ..., v, ., } as follows:

I(vivMJ:[l(uvi )", i=12,...,n-1

2

I (anl) = I:I (uvn )]C
Clearly I(u)=gp,l(v,)=¢, forall i=12,..,n

- W, is nullset magic.
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Theorem 3.2:

Every n-gonal book with odd number of pages is nullset magic decomposable for
n=9

Proof:

Let G be annanogonal book graph consisting of odd number of pages, say 2m+1

Let V(G) ={v,, v, }U{v;; /2 <i<8 1< j<2m+1]
E(G) :{vlvg}U{vlv2j A< j<2m +1}U{vij Vi /2 <1<7,
1< j<2m+1U{v, v, 1< j <2m+1}
G is decomposed into m+1cycles, one cycle of length 9 and m cycles of length 16.

(i) Cycle of length 9:

V1V2 1V31V4lv5 lv6 1V7 1V81V9V1

(1) Cycle of length 16:

V1V22V32V42V52V62V72V82V9V83V73V63V53V43V33V23V13V1

ViVa2myVazmyVaczm) Vszm) Vezm) V7 2my Vazm) Vo Vaam-1) V7 (2m+1) Ve (2m1) Vs 2m1) Vaczm+1) Vazm+1) V2 (2ma1) Vaeemsy Vi

It has been proved in [3] that cycles of length 9 and 16 are nullset magic. Therefore

octagonal books with odd number of pages are nullset magic decomposable.
CONCLUSION

The main work carried out in this paper is the introduction of new types of
decomposition. This will prove to be fruitful if it helps to widen the applicationarena of

graph theory.
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